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A CONCEPTUAL AND MATHEMATICAL UODEL OF THE LARDERELLO PRODUCTION HISTORY 
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ABSTRACT 
The Larderello production history has 
been interpreted by the author(1987) 
dS the consequence of an initial 
depletion-type production regime 
followed by a difEusive type one. At 
the moment a diffusive flow is 
developing vertically all over the 
northern part of the field. This paper 
presents a mathematical model 
Ldrderello production histor 
incorporates the above mentioned 
concepts. Such a model has been 
validated calculating the measured 
reservoir pressure drop caused by the 
actual production history. 

1. xNzR€!- 
In a previous paper (Neri, 

1987), the Larderello production 
history has been interpreted by the 
author as the consequence of an 
initial depletion-type production 

reservoir where evaporatio 

mathematical terms the conceptual 
reservoir model. it has seemed useful 

to start Out with a few simplifying 
hypotheses, to make easier the 
mathematical treatment of the problem. 

-: 

a) All processes occurring within the 
reservoir are more or less 
isothermal. 

b) The pressure gradient is negligible 
in Region 1 of Fig. 1. whereas in 
Region 2 it is small enough . t o  
allow the use of the diffusion 
equation to describe the pressure 
field. 

c) Rock porosity and volumetric 
saturation of liquid water are 
homogeneous,rock permeability is 
homogeneous and i sot rop i c 
throughout the reservoir. 

With these hypotheses.and in 
reference to the scheme of Fig. 
1,the pressure field within the 
reservoir can be described by the 
ollowing equations: 

dpa ( t )  
Par -Q (1) c* ------- - 

to introduce 



Pi, = Initial pressure -fi 
regions 1 or 2. 

Pa depends.on time only, whilst 

Equations 1 and 2 therefore 

P+ depends on depth too. 

assume the following form: 

d P r o  

d to d: :: lxe-; (1)' co ----- - 

dPzo 
(Z)'(Grad * Grad )Pip - ---- 

dto 

The resolution of equations 
(1)' and (2)' in consequence of 
hypothesis b), which gives us 

P1D a PZD (XO = 0 1 ,  t2 0 

is analogous to that of a problem Of 
heat conduction in a semiinfinite 
medium whose surface is in Contact 
with a well stirred fluid supplied 
with a constant amount of heat per 
unit of time . 

H. S. Carslaw and J .  C. Jaeger 
report (Ref. 2) a solution to this 
problem which, adapted to our case, 
acquires the form: 

( 3 )  

[e=D/c,+ * erfc(4tD/Cp) -11 

constant Q and hypothesizing that for 

PO (tD, CO. X O  = 0 )  = 2 4 (tD/n) CO 

Such a solution is valid for a 

X o  0 ,  then PxD PZD = Po for 
tp>O 

In eq. (3) appears the 
parameter Co, which is an index of the 
storage capacity of region 1 of the 
reservoir. 

The greater Cp is. longer the 
depletion production regime will last. 

The parameter Co, may not 
appear explicitly in the solution of 
Po if we define an dimensionless time 
to* given by 

tp' = tO/CDz 

and at the same time define a 
dimensionless pressure Po' as 

PO KA2 (PI' - P f )  
po- = ---_ = n -_--___-_--- 

CD V Q L r  II 

With these new definitions, 
solution (3) can be written as 

+ e to' * erfc(4to-) - 1 

Solution (4) is represented in 
Fig. 2 in the form of a bilogarithmic 
graph of Po' as a function of tD'. 

From Fig. 4 it can be noted 
that for "small" to* values, PO' is 
proportional to to', whereas for 
"large" to', Po' is proportional to 
4to'. This is indicating that the 
pressure is initially controlled by 
the reservoir storagesthen by a 
diffusion equation for linear flow. 

3 .  3EfIE --E DROP AS 

The solution Po' given by ( 4 )  
constitutes an dimensionless influence 
function for XO - 0 .  that is at the 
top of the reservoir. 

If we wish to calculate the 
pressure drop at the top of the 
Larderello reservoir, we must solve 
the system of equations 1 and 2 in the 
case of variable flow Q ,  as the flow 
produced by the field has been 
variable over time. 

Using no (tD-, XO-0) to 
indicate the solution of equations 1 
and 2 in the case of variable Q over 
time, we will get 

GiUXLi%TED WITH THE 
XODEL 

( 5 )  nD(tD*eXO - 0 )  * 

(To) (dPD*(t-T)o/dto)dTo 

The integral (5) can be 
approximated as a finite sum of terms 
subdividing the time-span to into n < 

intervals within each of which flow Q 
:an be assumed to be constant. 

With this approximation, (5) 
be~ornes 

.. 

( 6 )  ~D(tD~*~XD'O)~ 
n 
C Po* (L-ta-iI D(Q~- Qa-1) /OS 
5-1 
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These are the pressure-readings 
with QO - 0 for to = 0 for well$ 159, Gabbro 4, Gabbro 8. S. 

In the place of the volumetric The readings for well 159, 

introduced into (6). and at the same Secolo area, follow the trend of the 
time we can define the dimensionless well 111 readings, whereas those of 
pressure no as: the wells in the Gabbro area (Gabbro 4 

and Gabbro 8, S. Dalmazio 2 and 4) 
R[Pa' -Pf]A' have a trend which seems to be that of 

nrn I -----_--------- -- well No.111 but delayed by some ten 
2Gr R' Tzp V years. i. e-the time-lapse which 

separated the exploiting of the two 

(6). flow G actually produced in Graphing the pressure drop of 
Larderello north area (Valle Secolo) the wells belonging to the Gabbro area 
was approximated wkth the formula in bilogarithmic paper as in the Fig. 

7 and 8,it may be observed that the 
(7) G G 0 + (G o - Go) exp(- graphs show a trend qualitatively 

Go * 198L t/h similar to the one calculated with the 
G, = 625 t/h mathematical model in the case of 
T = 97 months production at constant flow.Thus the 

phys i Cd 1 assumptions of the 
which interpolates the measure nts mathematical model seem to hold for 
taken since August 1956 . The flow G, the various producing area of the 
in the j-th time-period, was Larderello reservoir. 
calculated as an arithmetical average 
of the G readings given by (7) at the 4. OF DIFFUSIVITL 
extreme ends of the period. EOM~RESSIBILITY AND P E R l W W L U X  

In order to use eq. (7) for By interpolating the pressure 
calculating no given by (6),it was reading from well No.111 with the set 
necessary to match the physic of theoretical curves, we get two 
with the dimensionless time possible values for the following 
lhis purpose various values groups of pdrameters: 
prameter I - nAf/Va,which r 
to t by the relation to-St,have been i Pp/cp=o.4 ; 6(Pp)=100 (bar'); 
used and a family of curves of no as a 
function of time t has been 
qenerated.These curves ar 

Dalmazio 2 and S. Dalmazio 4. 

* €low Q. the mass flow G Can be which is also located in the Valle 

In the calculation of nP using areas. (Fig. 6) 

I - lo-. s - x  

he shut-i 

.25*10-' I n I 2. 
pressure. 
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Finally, dividing Po/Cm by 15 we 
,-an get the total compressibility 9cV 
rhich depends weakly on the parameters 
of the fit,because, being b(Pz) the 
same for both the groups of 
pardmeters,the value of 4Vc depends 
only on the ratio between Po/Cp and 5 
which is 0.4*1O0 s OK 0.7*1O0 
s.Adopting the previous assumed values 
for A dna h,we can get 4c from 4cV.It 
results : 

2 *lo-* < 4c 3 4 * 10-6 P*-a 

These values for 4c are 
strongly affected by the assumed 
values of A and h.The uncertainty of V 
is mostly due to the doubts on h, as 
the surface area of the reservoir, 
drained by the vells, is known. 

The height h should correspond 
to the thickness o f  the upper 
Eormation of the reservoir, the one 
known as the anhydritic formation, 
which does not have a homogeneous 
thickness, yet is around a few hundred 
metres. The estimated value for 4c 
should therefore be in the proper 
order of magnitude and Ls,according to 
Grant et al.(l982),typical of a two 
phdse fluld. 

5 .  P R J m - V L -  . O € S T E X W S . ! ,  

The proposed model has been so 
far used to fit the pressure 
drop,measured at reservoir top.caused 
by some 30 years of production. The 
f i t  allowed the evaluation of the 
parameter ii which i s  proportional to 
the diffusivity n .It now becomes 
possible to calculate by the model 
equdtions the pressure distribution at 
various reservoir depths caused by the 
past field exploitation. 

The solution of equations 1' 
and 2' has been still derived by 
Carslaw and Jaeger.Posing Pp instead 
of Pp/CO and introducing the 
dimensionless depth Xo' - Xo/Co ,the 
following equation holds: 

aESEBY0IR V E R U C A L M U  

PO tD* 
(8)--(t0*,X~')~2~(---)exp(-X~*~/4t~')- - CD n 

-(1+Xo')erfc(Xo"/24tD')+ 
+ exp (Xm* + to')* 
* erfc (Xo/24t~'+~to*1 

X p  - X/4A 

Xo' * X o / C p  I X* A/V 

The dimensionless depth Xo' is 
the ratio between real depth, measured 
from the plane separating regions 1 
and 2 in the reservoir. and the 
thickness of region 1. 

Having estimated that the 
parameter B is within the range lo-* 
and lo-' sec-= , the same method of 
approach. which adopts the principle 
of superposition and which was taken 
to figure out the pressure decline 
over time at the reservoir top .can 
be used to calculate the current 
pressure at various depths of the 
reservoir. 

The results of the 
calculations, represented in graphic 
form in Fig. 9, show that the 
pressure drop is negligible for Xo' = 
2. This allows us to affirm that the 
depressurization of the reservoir is 
limited to a depth of 3h. Being h 
probably a fev hundred meters, it 
follows that depressurization should 
not have involved the part of the 
reservoir at depths over 2000 m. 

6 -  CONCtUSIONS 
The model . described in this . 

paper has been successfully used to 
calculate the reservoir pressure drop 
in the Valle Secolo area of the 
Larderello field, caused by the fleld 
exploitation.The fitting of the field 
data by the model's results has also 
allowed us to estimate the hydraulic 
diffusivity n,the fluid 
compressibility 4 c and the vertical 
pressure distribution in the 
reservoir.Such a distribution has been 
calculated after 30 years of 
exploitation and therefore is that 
should exist at present. 

It shows that the 
depressurization of the reservoir 
turns out to be restricted to a depth 
of some 2000 m.Recent results obtained 
by deepening old wells (S. Martin0 2 ,  
Campo ai Perl, VC8, 156, 119) reveal 
indeed the existence of a vertical 
pressure gradient in the reservoir 
much higher than that due to static 

a steam,consequently revea 1 
substantial pressure increase vith 
depth in agreement vith the model. 

The calculations have been 
restricted to the Valle Secolo area 
,but it has been verified however that 
the shut-in wells in the Gabbro 
area,area exploited some ten years 
after the Valle Secolo, possess a 
pressure history qualitatively similar 
to that foreseen by the model. 

This observation shows also 
that the drainage on the Gabbro area, 
due to the Valle Secolo wells, is 
rather weak. 
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If this low interference (in a 
horizontal direction) is generalizable 
€or the different producing areas of 
the whole geothermal field 
can think that significant 

modest depths in the areas where 
density of production is low. 

This consideration seems to be 
actually confirmed by the drilling of 
new wells in areas of the Larderello 
field which are weakly exploited (Val 
d i  Cornia. Monteverdi). 

fluid might well still be located at 
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G Mass flow-rate 
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F I G .  I FIG. 2 - Scheme o f  the reservoir as used for - ~~~~h of the influence function 
the formulation of the mathematical Pp' as a function o f  tD' 
w d e  1 . 

FIG. 4 

FIG. 3 FIG . 4 - Graph of the dimensionless pressure - ~~~~h o f  6 (pc) E P+L - pf(t) of 
HD as a function of time and f o r  well 1 1 1  111 Larderello, as a 
various values of the parameter N". function o f  time. interpolated with 

the function calculated with the 
mathematical model. 

. 
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I I 

I . ._ . 
t 

At (day1 
F I G .  5 - Graph of 6 (Pa) - Pa2 - Pa(t) of F I G .  7 

well 111 in Larderello, dS a Graph of 6(Pz) - PL' - V ( t )  oe 
function of time, interpolated with well Gabbro 8 as a function of time. 
the function calculated with the 
mathematical model. 

u 2a 
27 - 
26 - 
2 s -  ".68 
24 -, 5 - q 21 

wells in the Valle Secolo and Gabbro 



* 

F I G .  8 - Bilogarithmic graph of 6 (Pa) Pi* - P'lt) of well S. Dalmazio 4 as a 
functioi of time. 

FIG. 9 - Graph of 6(P2) = P12 - P'(t) as a 
function of dimensionless depth XD*,  
calculated with the mathematical 
model for N' - lo-* s-a and t - 360 
months. 
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