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( 1  ) Introduction 

In evaluating geothermal resources we are primarily interested in data 
on the distr ibution of temperature and  f lu id  conductivity within the reservoir,  
the total  volume of the productive formations, recharge characterist ics and 
chemical quality of the thermal f luids.  While geophysical exploration by 
surface methods may furnish some d a t a  on the temperature f i e ld  and  give in- 
dications as t o  the reservoir volume, they furnish practically no information 
on the f lu id  conductivity and production characterist ics .  Such information 
will generally have t o  be o b t a i n e d  by t e s t s  performed w i t h i n  the reservoir,  
primarily by production t e s t s  on sufficiently deep wells. Reservcir test ing 
i s  therefore one of the most impor tan t  tasks i n  a general exploration program. 

In principle,  reservoir test ing has much i n  common with conventional 
geophysical exploration. A1 though the physical f i e lds  applied are to  some 
extent d i f ferent ,  we face the same type of selection between controlled and  
natural drives, forward and inverse problem set t ing ,  e t c .  The basic philosophy 
(Bodvarsson,, 1966) i s  quite similar.  

I n  the present paper, we will discuss some fundamentals of the-theory 
of reservoir test ing where the f lu id  conductivity f ie ld  i s  the primary target .  
The emphasis i s  on local and global aspects of the forward approach t o  the 
case of liquid saturated (dominated) Darcy type formaticns. 
and natural driving pressure or s t ra in  f ie lds  are to  be considered and  
part icular  emphasis will be placed on the si tuat ion resulting from the ef fec ts  
of a free liquid surface a t  the t o p  of the reservoir. 

Both controlled 

( 2 )  Relations governing the pressure f ie ld  i n  Darcy type formations 

Let p ( t , P )  be the pressure f i e ld  a t  time t and a t  the p o i n t  P in a Darcy 
type domain B w i t h  the boundary surface C .  
the permeability k i s  a l inear matrix operator and the kinematic viscosity of 
the f l u i d  v i s  also taken to  be variable. 
f luid conductivity operator c = k/v and express Darcy's law 

Consider a general set t ing where 

I t  i s  convenient t o  introduce the 

-f 
q = -cop 

where 4 i s  the mass flow density. Moreover, l e t  p be the f lu id  density, s the 
capacit ivi ty or storage coefficient  of the formation and f be a source density. 
Combining ( 1 )  w i t h  the equation for the conservation of mass, we o b t a i n  the 
diffusion equation for  the pressure f ie ld  

p s a t p  + n(c)p = f ( 2 )  

where 7 (c )  = -v(cv) i s  a generalized Laplac.ian operator. Appropriate boundary 
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cond i t i ons  t h a t  may be o f  the  D i r i c h l e t ,  Neumann, mixed o r  more complex convol-  
u t i o n  type, have t o  be ad jo ined  t o  equat ion ( 2 ) .  
i so t r op i c / i so the rma l  fo rmat ion  r e s u l t s  i n  the  s i m p l i c a t i o n  n ( c )  = cn  = -cv2 
where c i s  a constant.  
i a l  equat ion 

The case o f  a homogeneous/ 

Moreover, s t a t i o n a r y  pressure f i e l d s  s a t i s f y  the  po ten t-  

n ( c )p  = f .  (3)  

The e igen func t ions  un(P) o f  n ( c )  i n  B s a t i s f y  the  equat ions 

where t he  constants 1,: are  t he  eigenvalues and t he  boundary cond i t i ons  on c a re  
homogeneous o f  t he  same type as those s a t i s f i e d  by p(t,P) i n  ( 2 )  and ( 3 ) .  

( 3 )  Types of s o l u t i o n s  

It i s  o f  i n t e r e s t  t o  cons ider  some general expressions f o r  the  so lu t i ons  
o f  equat ions (2 )  above. 
o r  Green's f u n c t i o n  G(t,P,Q) which represents  t he  pressure response of the  causal 
system t o  an instantaneous i n j e c t i o n  o f  a u n i t  mass o f  f l u i d  a t  t = O+ a t  the  
source p o i n t  Q. 
eigenfuct ionsun(P) .  So lu t ions  t o  ( 2 )  i n  t he  case o f  a general source dens i t y  
f ( t ,P ) ,  non-causal i n i t i a l  values and general boundary cond i t i ons  can then be 
expressed i n  terms o f  i n t e g r a l s  over  the  Green's f u n c t i o n  (Du f f  and Naylor,  
1966). 

The key t o  t he  equat ion i s  the  causal impluse response 

This  f u n c t i o n  s a t i s f i e s  t h e  same boundary cond i t i ons  as the  

Two fundamental types o f  expressions f o r  t he  Green's f u n c t i o n  a re  a v a i l a b l e .  
F i r s t ,  i n  t he  case of s imple layered  domains B w i t h  a boundary c composed of a 
few p lane faces, G(t ,P,Q) can be expressed as a sum ( o r  i n t e g r a l )  over the  
fundamental source f u n c t i o n  

p = (8ps  ) - I (  r a t  -3'2exp ( - r t Q / 4 a t )  u+( t ( 5 )  

and i t s  images. 

most elementary l o c a l  and/or g loba l  expressions f o r  G(t ,P,Q) .  

The symbol U,(t) i s  the  causal u n i t  s tep  f unc t i on  and r p  i s  
the  d is tance  f rom Q t o  P. Whenever app l i cab le ,  sums of t h i s  type represe 4 t the  

Second, t he  Green's f u n c t i o n  can be expanded i n  a se r i es  ( i n  i n t e g r a l )  
over t h e  e igen func t ions  o f  n ( c ) .  I f  p and s a re  constant,  then 

G(t,P,Q,) = ( l / p s )  ~ u n ( P ) u n ( Q ) e x p ( - ~ , t / p s ) .  ( 6 )  
n 

The se r i es  expansion (6 )  i s  of a more general  a p p l i c a b i l i t y  than s o l -  
However, u t i o n s  o f  t h e  t ype  based on t h e  fundamental source f u n c t i o n  ( 5 ) .  

because o f  q u i t e  poor convergence p rope r t i es ,  ( 6 )  i s  l a r g e l y  o f  a more g loba l  
long- term relevance. 
The formal l i n k  between t h e  two types of s o l u t i o n  ( 5 )  and ( 6 )  i s  prov ided 
by t he  Poisson summation formula (Zemanian, 1965). 

I t i s  l e s s  s u i t e d  f o r  t he  computation of l o c a l  values. 
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A different type of solution of ( 2 )  t h a t  i s  of interest  i n  the present 
context can be obtained by operational methods. 
pure i n i t i a l  value problem w i t h  p(0,P) = p o ( P )  in the case of an inf in i te  
domain, we can, since p ,  s and n(c)  are independent of t ,  formally express the 
solution of the homogeneous form of ( 2 )  as 

L i m i t i n g  ourselves t o  the 

p = exp[-tn(c)/pslp0 ( 7 )  

where the exponential operator i s  t o  be interpreted as a Taylor series  in the 
operator n( c )  

exp[-tn(c)/psI = 1 - Ctn(c)/psI + (1/2)[tn(c)/psI2- . . . (8 )  

The series  represents an  i terat ion process where the convergence i s  limited 
The practical applicability i s  there- 

Moreover, i t  i s  of considerable interest  
t o  (properly defined) small values of t .  
fore fundamentally different from ( 6 ) .  
t h a t  rather general situations w i t h  regard t o  n(c)  can be admitted in ( 7 )  and 
I o \  

Three simple b u t  fundamental physical parameters are associated w i t h  
processes governed by the diffusion equation ( 2 ) .  
a = c/ps. 
etration of a wave of angular frequency u (Bodvarsson, 1970).  
laxation 
one-dimensional wave l ike pressure f ield of wave number k .  
time during which the wave amplitude decreases from u n i t y  t o  l /e .  
meter i s  obtained by inserting a solution of the form exp[( - t / to) t  k x ) ]  into the 
one-dimensional form of ( 2 ) .  

F i rs t ,  the local diffusivi ty 
Second, the skin depth d = (2c/ps0)) which i s  a measure of  the pen- 

Finally, the re- 

The time to i s  the 
time to = l/ak2 which i s  a measure of the attenuation in time of a 

This pa ra-  

(4 )  Effects of a free liquid surface 

The presence of a free liquid surface i n  a reservoir requires the introduction 
of a rather complex surface boundary condition. 
u i d  surface a t  equilibrium and  n be the free surface i n  a perturbed s ta te .  
boundary R i s  a surface of constant pressure which without loss of generality can  

Let c now represent the free l i q -  
The 

i s  then expressed be taken to  vanish. The free surface condition (Lamb, 1932) 

DP/Dt I p=o=o (9 )  

where D / D t  i s  the mater a1 derivative. 
condition which leads to a much more complex problem set t ing.  
ciple of superposition the construction of solutions to  the forward problem 
becomes a d i f f i cu l t  task. 

This i s  an essentia ly non-linear 
Losing the p r i n -  

Bodvarsson (1977a) has shown that when R deviates 
can be simplified and linearized. For this  purpose we 
coordinate system w i t h  the z-2xis vertically down such 
coincides with c. Moreover, l e t  the amplitude of R re 
scale of the undulation of :? be L .  Then provided ~ u / L  
can be replaced by the approximation 

only l i t t l e  from c ,  ( 9 )  
place a rectangular 
t h a t  the ( x , y )  plane 
ative t o  c be u and the 
< < 1 ,  the condition ( 9 )  

(l/w)a,p - a z p  = 0,  
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where w = cg/+ i s  a new parameter, namely, the free sinking velocity of the 
pore liquid under gravity ( g  = acceleration of gravity). 
stances, the solution of the forward problem i s  (obtained by constructing a 
solution t o  ( 2 )  which sa t i s f i es  (10) a t  the free surface and appropriate 
conditions a t  other sections of the reservoir boiundary. 

surface condition (10) obviously leads t o  an additional relaxation process 
ana log  t o  the purely diffusive phenomena associated with the f i r s t  order time 
derivative in the basic equation ( 2 ) .  
dual time scales of the two phenomena are, however, quite different. 

Under these circum- 

The presence of a f i r s t  order derivative with respect t o  time in the free- 

As we shall conclude below, the indivi- 

For the sake of brevity, we shall limit the present discussion t o  the simplest 
b u t  practically quite relevant case of the semi-infinite liquid saturated homo- 
geneous, isotropic and isothermal half-space. To consider the pure free-surface 
related phenomena, we eliminate pressure f ie ld  diffusion by neglecting the 
compressibility of the liquid/rock system. In th is  setting we can combine 
the potential equation ( 3 )  and the surface condition (10) in one single equation 
confined t o  the c plane (Bodvarsson, 1978a), which expressed in terms of the 
f luid surface amplitude u(t,x,y) = p / p g  takes the form 

1 

. .  (l/w)atu -t rr;u = f/pgc ( 1 1 )  
1 

where rr; = (-aXx-ayv) '  i s  the square roo t  of the two-dimensional Laplacian a n d  
f i s  an appropriately defined source density. T o  obtain the pressure f ie ld  in 
the space z>O, t h s  boundary values derived from (11) have t o  be continued into the 
lower half-space on the basis of standard potential theoretical methods. 
fractional order of the Laplacian in ( 1 1 )  i s  quite unusual, b u t  the operator 
i s  well defined and poses no mathematical problems. 
of such operators in a s l ightly different set t ing,  we refer t o  a paper by 
Bodvarsson (1  977b) .  

The 

For a further discussion 

Consider the attenuation of a wave formed pressure f ie ld  of the form 
exp[-(t/to)+ikx] where to i s  the relaxation time and k i s  the wave number. 
ing into equation ( l l ) ,  we find t h a t  to=l/wk. Comparing th is  resul t  with the 
case of the purely diffusive pressure f ie ld  we find t h a t  the ra t io  of the free 
surface/diffusion relaxation times i s  ak2/wk=k@/gps. The assumptions of waves 
of lengths 10 t o  l o3  meters and porosities of results in ratios 
ranging from abou t  lo2 t o  lo5. 
are therefore orders of magnitude shorter t h a n  for free-. surface Phenomena of 
a comparable spatial scale. As a resul t ,  we can conclude t h a t  in most cases 
o f  practical relevance, the two phenomena can be separated and treated individually. 

Insert- 

t o  
The relaxation times of diffusion phenomena 

Some solutions of equations ( 1 1 )  of practical interest  have been obtained 
by Bodvarsson (1977a).  Confining ourselves again t o  the simple semi-infinite 
half-space, the most important  resul t  i s  given by the causal impluse-response 
function G( t ,S ,Q , )  which represents the response of the surface amplitude a t  
the point S = (x,y) in c and time t > O +  t o  an instantaneous injection of a unit mass 
f luid a t  a point Q in the half-spacF a t  time t=O+. The system i s  assumed t o  be 
in equilibrium for t < O .  - Let Q = (O ,O,d ) ,  the resulting expression for the sur- 
face amplitude i s  

3/2 
G ( t , S , Q )  = ( 1 / 2 m $ p ) ( w t + d ) [ ~ ~ + y * + ( ~ t + d ) ~ ] -  U , ( t )  
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where U+ ( t )  i s  t h e  causal  u n i t - s t e p  f u n c t i o n .  
t he  key t o  t h e  s o l u t i o n  o f  (11)  f o r  more general  cond i t i ons .  
i n  t h e  ha l f - space  i s  ob ta ined  f rom (12)  by a s imple c o n t i n u a t i o n  technique 
where t h e  s i n g u l a r i t y  a t  Q has t o  be taken i n t o  cons ide ra t i on .  
response of t h e  su r f ace  ampl i tude t o  a p e r i o d i c  source f u n c t i o n  a t  Q i s  of 
p a r t i c u l a r  i n t e r e s t  i n  t h e  p resen t  con tex t .  L e t  t h e  mass f l o w  i n j e c t e d  a t  
Q=(O,O,d) t ake  t he  form e x p ( - i w t ) .  
i s  then ob ta ined  by 

The impluse response i s  e s s e n t i a l l y  
The pressure f i e l d  

The l ong  term 

The amp l i tude  o f  t h e  f requency response 

The p resen t  r e s u l t s  on t he  dynamics o f  t he  f r e e  surface ampl i tude p rov i de  the  
bas i s  f o r  a technique o f  r e s e r v o i r  p rob ing  and t e s t i n g  which y i e l d s  r e s u l t s  on c and 0 
t h a t  a re  supplementary t o  t he  conven t iona l  w e l l  t e s t  techniques (see Bodvarsson 
and Z a i s ,  1978, t h i s  volume). 

( 5 )  Tes t i ng  w i t h  c o n t r o l l e d  s i g n a l s  

Local .  Reservo i r  t e s t s  w i t h  c o n t r o l l e d  d r i v e  y i e l d i n g  mos t l y  l o c a l  
parameter va lues i n c l u d e  p r i m a r i l y  t he  d r i v i n g  PO n t  t e s t s  which a re  u s u a l l y  
r e f e r r e d  t o  as pressure b u i l d u p  and/or drawdown t e s t s  on s i n g l e  we 1s. 
i n g  work on t h e  development o f  t h i s  technique has been c a r r i e d  o u t  a t  Stanford,  
and t h e r e  e x i s t s  cons iderab le  l i t e r a t u r e  (see e.g. Ramey, 1976). 

Pioneer-  

n t e r p r e t a t i o n  
t i s  based on app rop r i a t e  s o l u t i o n s  o f  equa t ion  ( 2 ) .  

I n t e r f e rence .  The s p a t i a l  s ca le  o f  w e l l - t o - w e l l  i n t e r f e r e n c e  t e s t s  depends 
on t h e  d is tances  i nvo l ved .  Shor t  d i s tances  tend t o  y i e l d  o n l y  l o c a l  parameter 
va lues whereas l ong  d is tances  may l ead  t o  r e s u l t s  o f  a more g l oba l  na tu re .  
I n  t he  case o f  s imp le  systems o f  s u f f i c i e n t  extend, t he  i n t e r p r e t a t i o n  i s  t o  be 
based on t h e  f o l l o w i n g  concen t ra ted  source u n i t - s t e p  responses ob ta ined  on t he  
bas i s  of equa t ion  ( 2 )  (Carslaw and Jaeger, 1959) '  

a x i  -symmetri c 
two-dimensi on 

po in t- symmetr ic  
t h ree- d i  ems i on 

- ( m / 4 ~ c ) E i  ( -F ' I )  , ( m / 4 ~ C r ) e r f c (  F-*) (14)  

where F = 4 a t / r z  i s  t h e  F o u r i e r  number and m i s  t h e  a p p r o p r i a t e l y  def ined 
( cons tan t )  mass f low app l i ed .  
on t he  s u b j e c t  (Matthews and Russel l  , 1967; Ear lougher,  1977) most l \ /  emphasizing 
t h e  two-dimensional ax i -symmetr ic  s i t u a t i o n .  

Again, t h e r e  i s  ve ry  cons iderab le  l i t e r a t u r e  

I t  i s  impo r tan t  t o  no te  t h a t  i n  t he  above express ions,  t h e  complementary 
e r r o r  f unc t i on  ( e r f c )  and t he  exponen t ia l  i n t e g r a l  ( E i )  w i l l  i n  t he  i n t e r v a l  
O<F<O.5 y i e l d  ve r y  s i m i l a r  va lues when taken as f u n c t i o n s  o f  t ime  a t  a f i x e d  
f i e l d  p o i n t .  
w i t h  regard  t o  t h e  space dimensions invo lved .  
l i % u d e  f a c t o r  i s  observable,  i t s  s t r u c t u r e  depends c r i t i c a l l y  on t h e  space 
dimension and t h i s  data does t h e r e f o r e  n o t  convey any i n f o r m a t i o n  un less s t r ong  
assumptions a re  made w i t h  r ega rd  t o  t he  unde r l y i ng  model. Considerable cau t i on  
i s  t he re fo re  c a l l e d  f o r  i n  t he  i n t e r p r e t a t i o n  o f  w e l l  i n t e r f e r e n c e  data,  and i t  
would appear t h a t  t o o  much conf idence has been p laced i n  t h e  a p p l i c a b i l i t y  of 
t h e  ax i- symmetr ic  two-dimensional  Theis- type s o l u t i o n .  

The sho r t - t e rm  w e l l  i n t e r f e r e n c e  t e s t  i s  t h e r e f o r e  l a r g e l y  " b l i n d "  
Al though t h e  va lue  o f  t he  amp- 
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Global .  Tests of t h i s  na tu re  can be c a r r i e d  o u t  o n l y  when t h e r e  i s  
s u f f i c i e n t  da ta  on the  g l o b a l  c h a r a c t e r i s t i c s  of' t he  p ressu re / f l ow  f i e l d .  
impor tan t  case c o n s i s t s  i n  t h e  use o f  g loba l  f r e e  l i q u i d  su r face  data .  
rev iew of t h e  theo ry  i n v o l v e d  has a l ready  been g i ven  i n  s e c t i o n  ( 5 )  above. 
Forward s o l u t i o n s  based on the  t ype  of Green's ' f u n c t i o n  expression g iven by 
( 6 )  above a re  of p a r t i c u l a r  re levance i n  g l o b a l  work. 

An 
A b r i e f  

( 6 )  T e s t i n g  w i t h  n a t u r a l  s i g n a l s  

A v a i l a b l e  n a t u r a l  d r i v i n g  s t r a i n  or fo rce  f i e l d s  a re  o f  
t o  ULF ( u l  t ra- low- f requency)  types ( p e r i o d  

range i n  p a r e n t h e s i s ) :  
and no i se  (two-phase f low,  e t c . ) ( l O  t o  l o s s ) ,  t i d a l  s t r a i n  ( l o 4  t o  106s), 
atmospheric p ressure  v a r i a t i o n s  ( l o 4  t o  106s)  , p r e c i p i t a t i o n  l o a d  ( l o 4  t o  106s) 
and seasonal wa te r- leve l  v a r i a t i o n s  (106 t o  10%).  

se ismic  s t r a i n  ( 1  t o  103s)  , h y d r o e l a s t i c  o s c i l l a t i o n s  

Loca l .  
t ype  of t e s t i n g .  For t h e  sake o f  b r e v i t y ,  we w i l l  l i m i t  o u r  a t t e n t i o n  t o  VLF 
and ULF t e s t  s i g n a l s  where t h e  mass fo rces  on l i q u i d  columns i n  boreholes can 
be ignored.  
ob ta ined  by d e r i v i n g  t h e  pressure  ampl i tude i n  an open h o l e  ( f r e e  l i q u i d  sur-  
face) t o  a homogeneous harmonic fo rma t ion  d i l a t a t i o n  d r i v e  o f  ampl j tude b 
and angu lar  f requency W. Responses t o  o t h e r  types of s i g n a l s  can then be 
e a s i l y  d e r i v e d  w i t h  t h e  h e l p  o f  a F o u r i e r  t rans fo rm a n a l y s i s .  Under some 
f u r t h e r  p l a u s i b l e  simp1 i f y i n g  assumptions, t he  f o l l o w i n g  e s s e n t i a l  r e s u l t s  
f o r  t h e  pressure  ampl i tude p i n  a s i n g l e  boreho le  o f  c ross  s e c t i o n  f were 
presented a t  t h e  1977 S tan fo rd  Symposium (Bodvarsson, 1977c and l978a) , namely, 

The most obvious a p p l i c a t i o n s  o f  n a t u r a l  d r i v e  a r e  t o  t h e  l o c a l  

Moreover, i n  t h e  s i n g l e  boreho le  case t h e  e s s e n t i a l  r e s u l t s  a re  

p = p,T/(l+T), where po = Eb / s ,  and T = - 4 i r g r o c / b f  = - i A S / b .  (15) 

Here, po i s  t h e  s t a t i c  p ressure  ampl i tude,  E t h e  fo rma t ion  m a t r i x  c o e f f i c i e n t  
c h a r a c t e r i z i n g  t h e  r e l a t i o n  between t h e  imposed s t r a i n  and t h e  p o r o s i t y ,  ro t h e  
r a d i u s  of t h e  ( s p h e r i c a l )  w e l l  c a v i t y ,  A = 4mOc t h e  admit tance o f  t h e  c a v i t y  
and S = dp/dm = g / f  i s  t he  mass s t i f f n e s s  o f  t h e  w e l l .  The f i r s t  two r e l a t i o n s  
i n  (15)  a r e  genera l ,  b u t  t h e  t h i r d  one i s  ob ta ined  on , the  bas i s  o f  t he  assumption 
t h a t  d / ro>> l  where d i s  t h e  s k i n  depth o f  t h e  fo rma t ion  a t  t i d a l  f requenc ies .  

The case o f  p ressure  o s c i l l a t i o n s  o f  t i d a l  n a t u r e  i n  c losed  we 
r e s e r v o i r  systems has been d iscussed r e c e n t l y  bly A r d i t t y ,  Ramey and 
B a rope r  d e f i n i t i o n  o f  t h e  w e l l  mass s t i f f n e s s  s, the  r e l a t i o n s  
a f E  SO e a p p l i c a b l e  t o  systems o f  t h i s  type. 

1- 
Nur ( 1  978). 
15 )  would 

The a p p l i c a t i o n  o f  se ismic  s i g n a l s  i n  r e s e r v o i r  t e s t i n g  o f fe rs  i n t e r e s t i n g  
p o s s i b i l i t i e s .  
f o rward  t h e o r y  f o r  t h i s  case i s  more complex than t h e  r e s u l t s  g i ven  above and 
can t h e r e f o r e  n o t  be d iscussed i n  t h i s  b r i e f  no te .  
i n v e s t i g a t e d  by Bodvarsson (1970). Forward s o l u t i o n s  based on the  i t e r a c t i v e  
t ype  o f  s e r i e s  g i ven  by ( 8 )  a r e  o f  p a r t i c u l a r  i n t e r e s t  i n  t h e  i n t e r p r e t a t i o n  
o f  l o c a l  t e s t s  based on n a t u r a l  d r i v e .  

M a i n l y  because o f  v e r t i c a l  d isplacement o s c i l l a t i o n s ,  t h e  

The s u b j e c t  has been 

-1 51 - 



Interference and  global. More global type interference t e s t s  can, in 
principle, be carried on the basis of natural pressure or s t ra in  signals. 
Because of the well/well pressure f i e ld  scattering processes involved, the 
theory cannot be discussed within the framework of th i s  short note. 

( 7 )  Fractured reservoi rs 

The discussion above has been devoted ent i re ly  t o  formations which are 
of the Darcy type or can be approximated by such media. 
reservoirs have n o t  received any at tention.  
from the material presented above and will n o t  be discussed here. I t  i s  of 
in teres t  t o  note that  the mechanism of pressure f i e ld  propagation in fractures 
with e l a s t i c  walls has been discussed by Bodvarsson (1978b). 

Largely fractured 
The theory of such cases di f fers  
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