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A multiphase consol ida t ion  theory is  presented 
which cons iders  a three-dimensional deformation 
f i e l d  coupled wi th  a three-dimensional hydrologic 
flow f i e l d .  The governing sys t en  of equat ions  de- 
s c r i b e s  the  components of displacement,  the  f l u i d  
pressures  and the  sa tu ra t ions .  The system of equa- 
t i o n s  governing sa tura ted-unsa tura ted  consol ida t ion  
is  obtained as a subse t  of t he  above equations.  A 
mired s t ress -d isp lacement  formula t ion  of the  govern- 
ing equat ions  is  introduced, and i t  f a c i l i t a t e s  han- 
d l ing  of load type boundary condi t ions  whi le  solu- 
t i o n s  i n  terms of displacements a r e  s t i l l  poss ib le .  
F i n i t e  element Galerk in  theory is  used f o r  s p a t i a l  
approximations,  and a weighted impl i c i t  f i n i t e  d i f -  
f erence time-stepping scheme is  employed to  approx- 
imate the  time d e r i v a t i v e  terms. Due t o  the  non- 
l i n e a r  na tu re  of the  problem, an  i t e r a t i v e  so lu t ion  
scheme is  necessary wi th in  each time s t ep .  

The model p r e d i c t s  the  commonly ignored hori-  
zon ta l  displacements i n  a var iab ly  sa tu ra t ed  sys- 
tem undergoing simultaneous desa tu ra t ion  and defor- 
mation, while us ing  a completely interconnected 
coupling of t h e  stress and pressure  f i e l d s  wi th in  
the  medium. The model is  appl ied  t o  ob ta in  v e r t i -  
cal and ho r i zon ta l  displacements,  p re s su re  (head) 
and s a t u r a t i o n  va lues  due t o  pumpage i n  a ph rea t i c  
aqu i f e r  . 
In t roduc t ion  

V e r t i c a l  and ho r i zon ta l  ground motions due t o  
changes i n  pore pressure  have been observed i n  sev- 
e r a l  areas around the  world (e.g.. a t  Wairakei. New 
Zealand, 4.5m v e r t i c a l  and 0.8m hor i zon ta l  and a t  
Long Beach, Cal i forn ia ,  8 .8m v e r t i c a l  and 3.6m hor i -  
zonta l ) .  I n  ana lyz ing  s o i l  consol ida t ion ,  research  
e f f o r t s  have t r a d i t i o n a l l y  focused on the sa tu ra t ed  
zone. However, unsa tura ted  flow p lays  an important 
r o l e  i n  a l a r g e  number of engineer ing  problems and 
is  the f i r s t  s t e p  i n  ana lyz ing  the  multiphase geo- 
thermal system. 

Narasimhan and Witherspoon. 1977[10], have 
considered the  problem. Their model uses  Terzaghi 's  
theory f o r  determining consol ida t ion .  Thus, i t  ig- 
nores  the l a t e r a l  s o i l  movement. 

In  the present  work, an  i t e r a t i v e  Galerkin 
type f i n i t e  element method i s  used t o  so lve  the  
equat ions  of t r a n s i e n t  flow i n  sa tura ted-unsa tura ted  
deformable porous media i n  reg ions  having complex 
geometry. Flow and deformation can take p lace  i n  
both the v e r t i c a l  and ho r i zon ta l  p lanes ,  o r  i n  a 
three-dimensional system d i sp lay ing  r a d i a l  symmetry. 

Governing Equations 

The system of nonl inear  p a r t i a l  d i f f e r e n t i a l  
equat ions  governing saturated-unsaturated flow i n  a 
deforming porous medium are[ lO] :  

To so lve  Equations (1) add i t iona l  information 
on the  r e l a t ionsh ip  between r e l a t i v e  hydraulic con- 
d u c t i v i t y  and pressure  head and degree of s a t u r a t i o n  
and pressure  head is requi red .  These func t ions  a r e  
usua l ly  determined experimentally f o r  each s o i l  type 
encountered. Two t y p i c a l  curves ,  one f o r  a coarse  
s o i l  and one f o r  a f i n e  s o i l ,  a r e  presented i n  
F igures  1 and 2. The following mathematical func- 
t i o n s  a r e  used to  cha rac t e r i ze  the hydraul ic  proper- 
t i e s  of the  two s o i l  ma te r i a l s .  

K r w  - (1 + (a t lhwl)b ' ] - r '  

where va lues  f o r  the  var ious  c o e f f i c i e n t s  en ter ing  
Equations (2 )  a r e  given i n  Table 1. 

The system of equat ions  (1) i n  terms of the 
s t r e s s  tensor  and displacement vec tor  becomes (12, 
chapters  5 and 71:  

This  system of equat ions  is employed i n  our ana lys i s .  
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Subsidence Due t o  Pumpage from a P h r e a t i c  Aqui fer  

The s a t u r a t e d - u n s a t u r a t e d  c o n s o l i d a t i o n  equa- 
t i o n s  have been a p p l i e d  t o  t h e  system whose r-z 
c r o s s  s e c t i o n  is shown i n  F i g u r e  3. The f i n i t e  e l e -  
ment s o l u t i o n  p r e d i c t s  t h e  v e r t i c a l  and h o r i z o n t a l  
d i sp lacements ,  e x c e s s  pore  p r e s s u r e  and change i n  
water s a t u r a t i o n  a r i s i n g  d u r i n g  t h e  pumping process .  
The bottom impervious l a y e r  is assumed f i x e d  and 
no v e r t i c a l  movement c a n  take  p l a c e .  The w a l l  of t h e  
w e l l  is a l s o  r e s t r a i n e d  from any l a t e r a l  movement, 
and t h e r e  is seepage i n t o  t h e  w e l l .  A t  s u f f i c i e n t l y  
l a r g e  d i s t a n c e  away from t h e  pumping a r e a ,  t h e  pres -  
s u r e  head is n o t  d i s t u r b e d .  Here and a t  t h e  top  
s u r f a c e  t h e  soil is f r e e  t o  move both  v e r t i c a l l y  and 
l a t e r a l l y .  
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FIGURE 1: RELATIVE HYDRAULIC CONDUCTIVITY VERSUS 
THE HWLD FOR TWO SOIL MATERIALS. AFTER 
VAN GENUQiTEN ET AL., 1976 [S I .  
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FIGURE 2: DEGREE OF FLUID SATURATION VERSUS THE 
PRESSURE HEAD FOR TWO SOIL MATERIALS. 
AFTER VAN GENUCHTEN ET AL.. 1976 [ a ] .  
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FIGURE 3: A FULLY PENETRATING SCREENED WELL I N  AN 
UNCONFINED AQUIFER. THE SECTION OF THE 
WELL WHERE SEEPAGE INTO THE WELL CAN 
TAKE PLACE I S  DESIGNATED BY W .  

I n  t h e  numer ica l  s o l u t i o n  t h e  s p a t i a l  domain 
is  d i v i d e d  i n t o  i s o p a r a m e t r i c  q u a d r i l a t e r a l  elements.  
The time domain i s  d i s c r e t i z e d  u s i n g  unequal time 
i n t e r v a l s  and a weighted i m p l i c i t  f i n i t e  d i f f e r e n c e  
i t e r a t i v e  scheme [12, c h a p t e r  41. The time s t e p  s i z e  
is c a l c u l a t e d  accord ing  EO: 

At(k) = K x 

and t h e  e l a p s e d  t ime is g i v e n  by: 
t(k) t ( k - l )  + ,,t(k) 

where K t a k e s  v a l u e s  of 0.8, 1.0 and 1.25 depending 
on t h e  number of i t e r a t i o n s  r e q u i r e d  f o r  convergence 
a t  t h e  preceding  t i m e  s t e p .  I f  t h e  r e q u i r e d  number 
of i t e r a t i o n s  i s  g r e a t e r  than  n i n e ,  k = -1 , and we 
r e s e t  our c a l c u l a t i o n s  a t  a n  e a r l i e r  t ime, 1.e.: 

t ( k )  t (k- l )  - At(k) 

and choose a s m a l l e r  s i z e  t i m e  s t e p .  

A f e u  of t h e  s e l e c t e d  r e s u l t s  a r e  presented  
in F i g u r e s  4 - 10. 
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FIGURE 5: HORIZONTAL VARIATIONS OF HORIZONTAL 
DISPLACEPIENT AT THE GIVEN TIME. 
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HORIZONTAL Y A R U T I O N  OF SUBSIDENCE 
FOR DIFFERENT VERTICAL LOCATIONS. 

FIGURE 6: 

FIGURE 8: THE UM) SURFACE LOYERING AS VIEVED BY 
AN OBSERVER POSITIONED ON THE SURPACE 
(ZERO ELEVATION). 
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FIGURE 9: THE CONE OF DEPRESSION AS VIEWED PRIM 
ABOVE THE SURFACE FOR SELECTED DIFFERENT 
T m S .  

FIGURE 10: THE CONE OF DEPRESSION AS VIEWED BY AN 
OBSERVER LOCATED BELOW THE SUkFACE 
LEVEL AT DIFFERENT TIMES. 
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FIGURE 7: HORIZONTAL DISTRIBUTION OF SATURATION 
FOR T U  GIVEN TIMES. 
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Summary and Resul t s  

A mathematical  model w a s  developed and used 
t o  s imula t e  the  deformation f i e l d  i n  a desa tu ra t ing  
porous medium i n  vhich  the  a i r  phase is  assumed t o  
be continuous i n  the  unsa tura ted  zone and t o  remain 
a t  atmospheric pressure .  
is no t  app l i cab le  t o  l i q u i d  which conta ins  d isso lved  
gas  ( a i r  bubbles) a t  d i f f e r e n t  pressures .  When the  
soil is extremely d ry  and r e l a t i v e  hydraul ic  conduc- 
t i v i ty ,  as w e l l  as sa tu ra t ion ,  becomes highly non- 
l i n e a r  t h e  approximating equat ions  may become very 
d i f f i c u l t  t o  so lve .  Therefore,  the  model is  b e s t  
s u i t e d  t o  s o i l s  of moderate t o  high sa tu ra t ions .  

The mathematical  model 
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Nomencla cure 

displacement vec to r  

pressure  of water 

water s a t u r a t i o n  

r e l a t i v e  hydraul ic  conduct iv i ty  of water 

hydraul ic  conduct iv i ty  tensor  

compress ib i l i t y  of vater 
s p e c i f i c  weight of water 

dens i ty  of water 

-6 cons tan t  

Lami cons tan t  

Kronecker d e l t a  

coord ina te  v a r i a b l e s  

t i m e  v a r i a b l e  

po ros i ty  

body fo rce  

pressure  head 

r e s i d u a l  mois ture  conten t  

mois ture  conten t  a t  s a t u r a t i o n  

e f f e c t i v e  stress tensor  
v e r t i c a l  depth  
volumetr ic  rate of pumping 

r a d i u s  of t he  pumping w e l l  

$(r ,z,  t) piezometric head 

W z-coordinate of the  seepage zone 

R 
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