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The quest ion o f  the  depth reached by groundwater i n  na tu ra l  recharge 
t o  a geothermal f i e l d  i s  o f  i n t e r e s t  f o r  geothermal development, s ince i t  can 
a f f e c t  the na ture  o f  the recharge regime dur ing  wi thdrawal,  and the  volume 
o f  water w i t h i n  reach du r ing  e x p l o i t a t i o n .  Also, use fu l  in ferences may be 
drawn about the  la rge-sca le  pe rmeab i l i t y  o f  the system i f  the  groundwater 
f l o w  regime i s  understood. 

Evidence f o r  the  presence o f  thermal convect ion i n  the  groundwater 
now appears t o  be we l l -es tab l i shed,  a l though topographic e f f e c t s  may a l s o  
be important (Studt  and Thompson 1969, Healy and Hochstein 1973). 
regions which serve p a r t i c u l a r l y  w e l l  as i l l u s t r a t i o n s  a re  (1) the  Imper ia l  
Va l ley  o f  Southern C a l i f o r n i a  and (2) the Taupo Volcanic Zone o f  New Zealand. 
Both e x h i b i t  a number o f  q u i t e  we l l -de f ined zones o f  anomalously h igh  heat 
f l o w  (geothermal f i e l d s ) ,  separated by d is tances o f  10 t o  15 Km, the i n t e r -  
vening areas u s u a l l y  having very low heat f low.  A t  Imper ia l  Va l ley ,  the 
f a i r l y  permeable sands i n  which convect ion i s  l i k e l y  t o  occur a r e  o v e r l a i n  
by sediments o f  low permeab i l i t y ,  roughly 0.6 Km i n  th ickness,  and thermal 
c o n d u c t i v i t y  a lone w i thou t  apprec iab le convect ion,  commonly occurs i n  these 
upper layers  (Palmer, Howard and Lande 1975). I n  the case o f  ( 2 ) ,  the heat 
f l ow  i n  areas surrounding geothermal f i e l d s  i s  depressed p r a c t i c a l l y  t o  
zero, and t h i s  has been in te rp re ted  by Studt  and Thompson as being due t o  
downflowing recharge water from p r e c i p i t a t i o n .  The water i ssu ing  n a t u r a l l y  
from geothermal f i e l d s  i s  predominantly meteor ic ,  but  the residence times 
i n  the groundwater stage appear t o  be very long. 

Two 

I t  fo l l ows  t h a t  the  upper boundary cond i t i ons  o f  the  two cases must 
be s i g n i f i c a n t l y  d i f f e r e n t .  I n  (1)  the upper f l o w  boundary i s  p r a c t i c a l l y  
impermeable wh i le ,  i n  ( 2 ) ,  f l o w  through the  upper boundary i s  almost unimpeded. 
Idea l i zed  cond i t i ons  which correspond approximately to these cases were 
in t roduced by Lapwood (1948); these w i l l  be designated as boundary cond i t ions  
1 and 2 respec t i ve l y .  

Lapwood ca l cu la ted  c r i t i c a l  Rayleigh numbers (R = Rc) f o r  neu t ra l  
s t a b i l i t y  i n  a ho r i zon ta l  l aye r  o f  un i fo rm i s o t r o p i c  porous m a t e r i a l ,  heated 
from below t o  main ta in  a constant temperature d i f f e r e n c e  between the  two 
boundaries. F l u i d  p roper t i es  and thermal c o n d u c t i v i t y  o f  the saturated 
medium were assumed constant.  Although the s t a b i l i t y  approach does no t  y i e l d  
h e a t - f l u x  Nussel t  numbers f o r  convect ion a t  s u p e r c r i t i c a l  Rayle igh numbers, 
i t  prov ides a use fu l  p r e d i c t i o n  o f  the most l i k e l y  aspect r a t i o - - h o r i z o n t a l  
wavelength t o  l aye r  depth--of  convect ion c e l l s  under f i n i t e  ampl i tude 
cond i t i ons  prov ided t h a t  R - Rc i s  small i n  comparison w i t h  Rc. 
t he  approach i s  convenient f o r  s tudy ing the  i n f l uence  o f  changing f l u i d  o r  
medium p roper t i es ;  many cases can be t rea ted  qu ick l y ,  and l i k e l y  combinations 
o f  parameters may be se lected f o r  more d e t a i l e d  study a t  h igher  Rayleigh 
numbers. 

Also, 
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Maanitudes o f  Convection Parameters 

Several f a c t o r s  i n d i c a t e  t h a t  R/R i s  no t  very l a rge  i n  the  two c 
geothermal zones discussed above. I t  I S  l i k e l y  t h a t  heat en ters  the  system 
by conduct ion through rock layers  from q u i t e  shal low, perhaps magmatic, 
sources. I f  convect ion were no t  present,  a thermal anomaly would s t i l l  
e x i s t ,  w i t h  a d i f f e r e n t  s p a t i a l  d i s t r i b u t i o n ,  and probably w i t h  a heat f low 
several  t imes normal. The presence of  convect ion w i l l  enhance the  heat f low,  
bu t  probably by a f a c t o r  o f  order  2, ra the r  than 10. 
p o i n t  o f  view, perhaps the most important f u n c t i o n  o f  convect ion i s  t o  
r e d i s t r i b u t e  and concentrate the  heat f low.)  A low Nussel t  number w i l l  be 
associated w i t h  o n l y  moderate values o f  R/Rc. 

(From a p r a c t i c a l  

I n  round numbers, a 1000°C magma body a t  a depth o f  about 5 Km would 
g i v e  r i s e  t o  a conduct ion heat f l o w  o f  5-10 heat f l o w  u n i t s  (1 h. f .u.  being 
the wor ld  average). 
5 Km l aye r ,  g i v i n g  r i s e  t o  an o v e r a l l  Nussel t  number o f  2, t h i s  would 
account f o r  the  heat f l o w  observed in ,  f o r  example, the  Taupo Volcanic  Zone. 

I f  convect ion were present i n  the  upper p a r t  o f  the  

A low va lue o f  Rayleigh number appears t o  be cons is ten t  w i t h  est imated 
phys ica l  parameters, average values from the upper p a r t  o f  the Wairakei 
f i e l d  (McNabb, Grant and Robinson 1975). Assuming v e r t i c a l  permeabi 1 i t y  
K 7 x cm2, co ld  water v i s c o s i t y  u, = poise,  thermal c o n d u c t i v i t y  
K 3 x c.g.s. u n i t s ,  l i q u i d  dens i t y  con t ras t  Ap = 0.2, i't i s  found t h a t  

R/L - kgAp/Kpo ( 1 )  

= 50 per Km depth. 

Here the  depth L o f  the permeable l aye r  i s  unknown, bu t  i t  i s  suggested t h a t  
i t  i s  not  more than about 3 Km. I t  i s  important t o  e s t a b l i s h  whether the 
convect ion theory i s  cons i s ten t  w i t h  t h i s  shal low depth of  groundwater 
pene t ra t i on  and the  observed 10-15 Km separa t ion  o f  geothermal f i e l d s .  

Extensions o f  t he  Theorv 

The m a t r i x  pe rmeab i l i t y  K and the f l u i d  v i s c o s i t y  p a r e  invo lved o n l y  
through the  r a t i o  K/p--the ' 'mob i l i t y ' ' - - bu t  i n  p r a c t i c e  t h i s  f u n c t i o n  may 
be q u i t e  complex. This  has l ed  t o  var ious  extensions o f  Lapwood's work. 

Using upper boundary cond i t i ons  of type 1 ,  Kassoy and Zebib (1976) 
have considered the  case o f  temperature-dependent v i s c o s i t y ,  n o t i n g  t h a t ,  
f o r  water,  u may change by an order  o f  magnitude over the range o f  temperatures 
encountered i n  geothermal a p p l i c a t i o n s .  On the o ther  hand, Ribando, Torrance 
and Tu rco t te  (1976) t rea ted  v i s c o s i t y  as constant ,  and c a r r i e d  ou t  numerical 
c a l c u l a t i o n s  o f  f i n i t e -amp l i t ude  convect ion both f o r  the  Lapwood system and 
f o r  pe rmeab i l i t y  decreasing exponen t ia l l y  w i t h  depth. 

A pecul i a r  e f f e c t  observed r e c e n t l y  i n  s i 1  ica-water systems (H. J. 
Ramey, J r .  , pers. comm.) i s  t h a t  the  permeabi 1 i t y  appears to  decrease w i t h  
r i s i n g  temperature, perhaps by a f a c t o r  o f  2 o r  more i n  a range o f  a few 
hundred degrees cent igrade.  Al though an exp lanat ion  i s  no t  for thcoming a t  
t h i s  t ime of  w r i t i n g ,  i t  i s  i n t e r e s t i n g  t o  note t h a t  s i l i c a  polymerizes i n  
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aqueous s o l u t i o n  t o  form a ge l - -a  p roper ty  which has been s tud ied  i n  
connect ion w i t h  the  format ion o f  sca le  (Marsh, K l e i n  and Vermeulen 1975). 
Thus the  phenomenon may be equ iva len t  t o  an increase o f  e f f e c t i v e  v i s c o s i t y  
w i t h  temperature, p a r t i a l l y  counterac t ing  the usual v i s c o s i t y  decrease 
associated w i t h  pure water. For purposes o f  c a l c u l a t i o n ,  t h i s  can be 
incorporated i n t o  the  assumed tempera tu rev i scos i t y  law. 

The Permeab i l i t v  Problem 

Permeable media encountered i n  geothermal areas depar t  g r e a t l y  from the  
simple homogeneous i s o t r o p i c  systems f requen t l y  considered i n  the  l abo ra to ry  
and i n  theory.  
i n  p a r t i c u l a r  the  l aye r ing  produced by a sequence o f  many t h i n  vo l can ic  
depos i ts ,  vary ing  i n  degrees o f  welding, b recc ia t i on ,  e tc . ,  and perhaps 
in terspersed w i t h  t h i n  sedimentary lenses, the  occasional  ex is tence of  
h i g h l y  permeable, weathered hor izons between successive depos i ts ,  and the  
presence o f  numerous n e a r - v e r t i c a l  f a u l t s  t rend ing  along the  Zone. On the  
l a rge  scale,  a f racture-dominated system s t i l l  appears t o  be w e l l  represented 
by a Darcy-type f l o w  law, bu t  the pe rmeab i l i t y  i s  l i k e l y  t o  be non- i so t rop i c  
(H. J .  Ramey, J r . ,  pers. comm.). 

The Taupo Volcanic  Zone e x h i b i t s  many such compl icat ions,  

Borehole data on which la rge-sca le  pe rmeab i l i t y  might be est imated i s  
inadequate, genera l l y  because d e t a i l e d  in fo rmat ion  on f r a c t u r e s  and permeable 
hor izons i s  missed. However, zones o f  d r i l l  c i r c u l a t i o n  loss  a re  recorded, 
and can g i v e  a use fu l  i n d i c a t i o n  o f  f rac tu res  encountered. For the  deepest 
borehole i n  the  Wairakei geothermal f i e l d  (Bore 121, 2265 metres) c i r c u l a t i o n  
losses a r e  encountered f requen t l y  down t o  1000 m, bu t  o n l y  a few cases a r e  
noted a t  g rea te r  depths (1680 m and 2250 m, G. Gr ind ley and P. Browne, pers. 
comm.). 
i s  i n  accord w i t h  the  observed hydrothermal a l t e r a t i o n  (P.  Browne, pers.  
comm.), which imp l ies  a lesser  through- f low o f  water.  However, there  a r e  
no o the r  bores o f  comparable depth a t  Wairakei t o  supplement these l i m i t e d  
observat ions.  

Th is  i n d i c a t i o n  o f  fewer permeable f r a c t u r e s  a t  the  g rea te r  depths 

Attempts t o  est imate the  v e r t i c a l  and ho r i zon ta l  components o f  la rge-  
sca le  pe rmeab i l i t y  i n  the area o f  the  Wairakei f i e l d  (McNabb, Grant and 
Robinson 1975) i n d i c a t e  t h a t  the  ho r i zon ta l  pe rmeab i l i t y  could have been 
anyth ing up t o  10 times as grea t .  A con t ras t  as h igh  as t h i s  would be 
cons is ten t  w i t h  a layered system having very permeable hor izons. The 
v e r t i c a l  f a u l t i n g  cou ld  be less  important,  as the re  a r e  i n d i c a t i o n s  t h a t  
pe rmeab i l i t y  v a r i e s  t o  a lesser  ex ten t  w i t h  ho r i zon ta l  d i r e c t i o n .  

S t a b i l i t v  Analvs is  from Convection Theorv 

The bas ic  equat ions o f  thermal convect ion o f  a v a r i a b l e - v i s c o s i t y  
f l u i d  i n  a sa tura ted  medium have been g iven elsewhere (e.g., Wooding 1975). 

A simple, bu t  re levant  genera l i za t i on  t o  a n i s o t r o p i c  pe rmeab i l i t y  i s  
r e a l i z e d  by assuming ho r i zon ta l  s t r a t i f i c a t i o n ,  so t h a t  one p r i n c i p a l  a x i s  
o f  t he  pe rmeab i l i t y  tensor i s  v e r t i c a l  and the o ther  two a re  h o r i z o n t a l .  
Le t  yl, y2 be the  r a t i o s  o f  the v e r t i c a l  component o f  pe rmeab i l i t y  t o  the  
two h o r i z o n t a l  components. These r a t i o s  w i l l  be assumed constant  a l though 
the  i n d i v i d u a l  components of  pe rmeab i l i t y  may vary w i t h  depth. 
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Su i tab le  scales f o r  t he  convection problem a re  the  length  L ( l aye r  
depth), t h e  thermal d i f f u s i v i t y  K and the  v e l o c i t y  RK/L, where R i s  t h e  
Rayleigh number de f ined i n  ( 1 ) .  
r a t i o  o f  t he  heat capac i ty  o f  the  saturated medium t o  t h a t  o f  t h e  f l u i d  
(Wooding 1957). Also, Ap i s  an appropr ia te  dens i ty  scale. 

The t ime scale i s  EL2/R~, where E i s  t he  

I f  z i s  t he  dimensionless upward v e r t i c a l  coordinate, the  dimensionless 
dens i t y  p r o f i l e  corresponding t o  steady conduction o f  heat f r o m  below i s  
equal t o  z.  Any small pe r tu rba t i on  0 (x, y, z ,  t)  o f  t h i s  p r o f i l e  w i l l  
g i ve  r i s e  t o  a pe r tu rba t i on  v e l o c i t y  f i e l d ;  i f  w (x, y, z, t )  i s  t he  
v e r t i c a l  component o f  v e l o c i t y ,  l e t  

where ‘I i s  dimensionless t ime and a, B are  dimensionless wave numbers. Then 
the  l i n e a r i z e d  equations g ive ,  f o r  the  z-dependent func t ions  01, wl, 

where D 
values a t  t he  upper boundary. The boundary cond i t i ons  1 and 2 g i v e  

d/dz and u = ( v / K ) / ( v / K ) ~ ,  (v = v / p ) ,  t he  s u f f i x  o r e f e r r i n g  t o  

8 ,  = w ,  = O a t z = O  (5) 

and 1) !i, = w ,  = O a t z = l  ( 6 4  

2) 0 ,  = Dw, = 0 a t  .! = 1 (6b) 

where 1) r e f e r s  t o  an impermeable upper boundary and 2) t o  a boundary 
which i s  permeable ( g i v i n g  constant pressure). 

Results from S t a b i l i t y  Analys is  

When the  r a t i o  V/K i s  constant ( a  = l ) ,  (3) t o  (6) can be solved 
a n a l y t i c a l l y ,  and would inc lude the  case where the  decrease i n  k inemat ic  
v i s c o s i t y  w i t h  depth (due t o  r i s i n g  temperature) i s  balanced by the  decrease 
o f  pe rmeab i l i t y  w i t h  depth--a reasonable approximation t o  r e a l i t y .  

F igure  1 i s  a p l o t  o f  wavenumber am and minimum Rayleigh number R 
f o r  g iven  values o f  the  permeab i l i t y  r a t i o  yl, assuming t h a t  B = 0. T% 
curves 1 and 2 correspond t o  boundary cond i t i ons  1 and 2. For any g iven 
va lue o f  y l ,  t h e  system i s  more uns tab le  w i t h  boundary cond i t i ons  2 than 
w i t h  boundary cond i t ions  1. However, the  curves 1 and 2 a re  q u i t e  s i m i l a r  
i n  p o s i t i o n  and shape, and s i t u a t i o n s  i n v o l v i n g  boundary cond i t ions  
in termediate between 1 and 2 might be i n f e r r e d  r e a d i l y .  For t h i s  reason 
equal values o f  y1 on the  two curves a r e  j o i n e d  by broken l i n e s .  Curves 
1 and 2 tend t o  the  same value o f  Rm as y1, and am tend t o  zero; i .e.,  as 



the horizontal-to-vertical permeability ratio increases, the permeability 
of the upper boundary to fluid flow becomes less significant. 

The reduction of am with decreasing y (increasing anisotrophy) is 
substantial. i f ,  for example, y = 0.1--d possible value according to 
McNabb, Grant and Robinson (1975j--am 
1.8, which corresponds to a horizontal wavelength to layer depth ratio of 
4 to 5.2 for hexagonal cells. 
amplitude convection in a geothermal zone, a 3 Km depth of groundwater 
flow would lead to a field spacing of 12 to 15.6 Km, which is plausible 
when compared with observation. 

is likely to be in the range 1.4 to 

If this can be extrapolated to finite- 

When CJ varies with z, the equations (3) ff. have been solved numerically. 
Surprisingly, the wavenumber of greatest instability, am, is relatively 
insensitive to variations of viscosity and permeability with depth, even 
when these approach an order of magnitude. This suggests that if other, 
unsuspected, factors are not present, the observed field geometry is most 
strongly influenced by anisotropic permeability. 

When the medium also exhibits anisotrophy in the horizontal, it is 
necessary to consider three-dimensional instability in more detail. 
Contours o f  R have been plotted as a function of  wavenumbers a and B .  
When the horizontal permeability in the x-direction exceeds that in the 
y-direction, Rc has a minimum (R,) at 
the most unstable small disturbance consists of two-dimensional rolls 
with axes at right angles to the direction of maximum permeability. It 
does not follow, however, that such rolls will be observed at finite 
amplitudes when R > R,,.,. 
may be to impose three-dimensional convection cells upon the system. 

C 

= 0 and a = am. This shows that 

For example, the effect of variable viscosity 

A more detailed discussion of these results is given elsewhere 
(Wooding 1976) . 
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Figure 1. 
wavenunber cj,, for various vertical-horfzontal penneability ratfos yl. 

Minimum critical Rayleigh nunber Rm and the correspondins 
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