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FLUID FLOW THROUGH A LARGE VERTICAL CRACK IN THE EARTH'S CRUST 
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I n  t h i s  i n v e s t i g a t i o n ,  we a r e  p r i m a r i l y  concerned w i t h  model ing 
f l u i d  f l o w  th rough  v e r t i c a l  c racks  t h a t  were c r e a t e d  f o r  t h e  purpose o f  
e x t r a c t i n g  heat  f rom h o t ,  d r y  r o c k  masses. The b a s i c  e q u a t i o n  f o r  
t h e  two-dimensional  problem o f  f l u i d  f l o w  th rough  a c r a c k  i s  p resen ted  
and an approx imate s o l u t i o n  i s  found. The b a s i c  e q u a t i o n  i s  a non- 
l i n e a r ,  Cauchy-s ingular  i n t e g r o - d i f f e r e n t i a l  equa t ion .  Modera te l y  
s i m p l e  formulae f o r  t h e  c r a c k  opening d isp lacement  and t h e  e f f e c t i v e  
p ressu re  d i f f e r e n c e  between t h e  c r a c k  t i p s  a r e  d e r i v e d .  The r e s u l t s  
a r e  v a l i d  f o r  a r b i t r a r y  v e r t i c a l  c racks ,  p r o v i d e d  t h a t  t h e  f l u i d  
i n j e c t i o n  and removal p o i n t s  a r e  n o t  p laced  t o o  c l o s e  t o  t h e  c r a c k  
t i p s .  (A  more complete t rea tmen t  o f  t h i s  problem i s  g i v e n  by us i n  
a paper t o  appear i n  t h e  Jou rna l  o f  Geophysical Research.) 

The Bas ic  Equa t ion  

Consider a v e r t i c a l ,  l i q u i d - f i l l e d ,  two-dimensional  c r a c k  t h e  
c e n t e r  o f  which,  a t  y = 0, i s  assumed t o  be a t  a depth below t h e  
e a r t h ' s  s u r f a c e  t h a t  i s  l a r g e  compared w i t h  t h e  h a l f  h e i g h t  L o f  t h e  
c r a c k .  L e t  D(y) rep resen t  t h e  c r a c k  opening d isp lacement  a t  t h e  
v e r t i c a l  d i s t a n c e  y f rom t h e  c r a c k  c e n t e r .  D(y) i s  determined by 
t h e  f o l l o w i n g  n o n l i n e a r ,  Cauchy-s ingular  i n t e g r o - d i f f e r e n t i a l  equa t ion :  

L L 
B ( y ' ) d y ' + L r  *.- - - 2rr(l-v) s y-y' l l ( 1 + 2 G )  Y Y-Y 

-L -L 

where B (y )  = -dD(y) /dy,  PO i s  t h e  overburden p ressu re  w i t h i n  t h e  r o c k  
mass a t  y = 0, P b  i s  t h e  h y d r o s t a t i c  p ressu re  w i t h i n  t h e  l i q u i d  a t  
y = 0, T ( y )  i s  any t e n s i l e  o r  compressive t e c t o n i c  s t r e s s  component 
w i t h i n  t h e  r o c k  mass whose a x i s  i s  p e r p e n d i c u l a r  t o  t h e  c r a c k  p lane,  
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p i.s t h e  d e n s i t y  o f  r o c k  and p '  i s  t h e  d e n s i t y  o f  t h e  l i q u i d ,  g i s  
t h e  g r a v i t a t i o n a l  a c c e l e r a t i o n ,  P I 9  i s  t h e  component o f  t h e  pressure  
g r a d i e n t  w i t h i n  t h e  l i q u i d  t h a t  d r i v e s  f l u i d  f l o w ,  v i s  Po isson 's  
r a t i o ,  p i s  t h e  shear modulus and X i s  t h e  o t h e r  Lam6 c o n s t a n t ,  
and 
exer ted  p a r a l l e l  t o  t h e  c r a c k  faces t h a t  i s  produced when f l u i d  
f lows through t h e  c rack .  

~ ( y ) ,  which i s  equal t o  -P Ig(y )D(y) /2 ,  i s  t h e  shear s t r e s s  

When t h e  f l u i d  f l o w  i s  laminar  and when the  c rack  faces a r e  
n e a r l y  p a r a l l e l  t o  each o t h e r ,  t h e  pressure  g r a d i e n t  P '  i s  equal  t o  
o r  very  n e a r l y  equal t o  (Batche lo r ,  1967) 9 

where rl i s  t h e  v i s c o s i t y  o f  t h e  f l u i d  and V i s  t h e  volume o f  f l u i d  
t h a t  moves pas t  t h e  p o i n t  y i n  u n i t  t i m e  per  u n i t  l e n g t h  o f  c rack .  
I n  t h e  cases of i n t e r e s t  t o  us ,  t h e  f l u i d  f l o w  w i l l  always be laminar  
or  n o t  s t r o n g l y  t u r b u l e n t .  

I t  i s  u n l i k e l y  t h a t  f l u i d  used t o  e x t r a c t  geothermal energy 
from a v e r t i c a l  c r a c k  i n  a h o t ,  d r y  r o c k  mass would be i n j e c t e d  
e x a c t l y  a t  t h e  lower c r a c k  t i p  and removed e x a c t l y  a t  t h e  upper 
c r a c k  t i p  ( o r  v i c e  v e r s a ) .  
which water  i s  i n j e c t e d  a t  y = - L '  and i s  removed a t  y = L '  where 
L' c L .  
Eq. ( 1 )  can be w r i t t e n  as (on i n s e r t i n g  Eq. (2 )  i n to  E q .  ( 1 )  and 
a l s o  u s i n g  t h e  r e l a t i o n s h i p  

A more r e a l i s t i c  s i t u a t i o n  i s  one i n  

I n  t h i s  s i t u a t i o n ,  P I g  = 0 i n  t h e  r e g i o n  L I S  I y I  sL. Thus, 

2 ~ ( y )  = D ( y ) P I g ( y ) ) .  

L L' 

where H i s  t h e  Heav is ide  s t e p  f u n c t i o n .  

S o l u t i o n  by L i n e a r i z a t i o n  

An approx imate s o l u t i o n  o f  Eq. (3)  may be ob ta ined by s e t t i n g  
up a p e r t u r b a t i o n  scheme and s o l v i n g ,  w i t h  i n c r e a s i n g  l a b o r ,  t h e  
r e s u l t i n g  equat ions.  However, a reasonably  good approximate s o l u t i o n  
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can be found by u s i n g  t h e  f o l  owing s imp le  p h y s i c a l  arguments. The 
c r a c k  opening d isp lacement  i s  n o t  a r a p i d l y  v a r y i n g  q u a n t i t y  near 
t h e  c e n t e r  o f  t h e  c rack .  Fur hermore, t h e  i n t e g r a l  terms on t h e  r i g h t -  
hand s i d e  o f  Eq. (3 )  can be shown, a p o s t e r i o r i ,  t o  be r e l a t i v e l y  
smal l  i n  magnitude compared w i t h  t h e  o t h e r  terms f o r  any reasonable 
va lues  o f  V. The re fo re ,  i f  t h e  v a l u e  o f  L '  d i f f e r s  a p p r e c i a b l y  f rom 
t h e  v a l u e  o f  L, which we now assume i t  does, t h e  c r a c k  opening 
d isp lacement  D(y) i n  t h e  two i n t e g r a l s  i n  q u e s t i o n  may be cons ide red  
t o  have a c o n s t a n t  v a l u e  i n  a f i r s t  app rox ima t ion .  I t  w i l l  be obv ious  
l a t e r  t h a t  t h e r e  w i l l  be no need t o  c a r r y  t h e  s o l u t i o n  t o  a h i g h e r  
app rox ima t ion  i n  which D(y) i s  n o t  cons ide red  t o  be a c o n s t a n t  i n  
t h e  two i n t e g r a l s .  We a l s o  assume t h a t  t h e  t e c t o n i c  s t r e s s  T ( y )  i s  
equal  t o  a c o n s t a n t  and i s  independent o f  t h e  v a r i a b l e  y .  

Under these assumptions t h e  c r a c k  opening d isp lacement  D(y) i s  
found t o  be 

2 F  2 f J  
2 2 %  2 2 %  - 2L'ylogl {L -y ) +(L -L' ) V{(L -y  ) *-(L -L' 1 1 

where f o r  I y I > L  t h e  d isp lacement  D ( y )  = 0. The term D i s  equal  t o  
C 

- 195- 



and i s  n o t  a f u n c t i o n  o f  V and q . 
The c r a c k  opening displacement D(y) produces s t r e s s  s i n g u l a r i -  

t i e s  a t  t h e  c r a c k  t i p s .  The t e n s i l e  s t r e s s  T '  a c t i n g  across t h e  
c r a c k  p lane j u s t  ahead o f  t h e  c rack  t i p  i s  equal t o  

where r ( < < L )  i s  t h e  d i s t a n c e  measured f rom a c rack  t i p  and K i s  
t h e  s t r e s s  i n t e n s i t y  f a c t o r  which i s  d e f i n e d  as t h e  l i m i t  

where t h e  + s i g n  i s  used i n  t h e  l i m i t  of y - L ( K  a t  upper c r a c k  
t i p )  and t h e  - s i g n  when y+ -L (K a t  lower t i p ) .  On s u b s t i t u t i n g  
E q .  ( 5 )  i n t o  Eq. (8) t h e  f o l l o w i n g  va lues  o f  t h e  s t r e s s  i n t e n s i t y  
f a c t o r  a r e  found: 

For t h e  s i t u a t i o n  i n  which V = 0, t h e  longes t  p o s s i b l e  c r a c k  
h a l f  h e i g h t  t h a t  can e x i s t  w i t h o u t  K 
a g i v e n  v a l u e  o f  (T-P +PI )  i s  equal ' to 

t a k i n g  on n e g a t i v e  va lues  f o r  

0 0  

L = 2 (T-Poi Pi) /g(p-p ' )  . 

A c r a c k  o f  t h i s  l e n g t h  has a displacement a t  y = 0 equal t o  

The s t r e s s  i n t e n s i t y  f a c t o r  i s  equal t o  

(9) 

- 196- 



when K = 0. I f  K i s  equal  t o  o r  l a r g e r  than t h e  c r i t i c  v a l u e  K 
f o r  c rack  propagat ion,  t h e  c r a c k  w i l l  propagate t o  t h e  upper s u r f s c e  
by break ing  rock  open a t  t h e  upper t i p  w h i l e  s imu l taneous ly  c l o s i n g  
i t s e l f  up a t  t h e  lower t i p  (Weertman 1971a, 1971b, 1973; Secor and 
Pol  l a r d  1975). 

t 

Now cons ider  t h e  case i n  which V i s  n o t  zero.  Because 
Dc<<L, i f  can be shown (Weertman and Chang) t h a t  t h e  terms t h a t  
c o n t a i n  t h e  f a c t o r  n / ( h + 2 u )  i n  Eqs. (4) and (8 )  can be dropped f rom 
these equat ions w i t h o u t  i n t r o d u c i n g  any a p p r e c i a b l e  e r r o r .  I t  can 
f u r t h e r  be shown t h a t  except f o r  cracks w i t h  h a l f  h e i g h t s  s m a l l e r  
than 50 m t h e  terms i n  Eqs. (5 )  and (8) t h a t  c o n t a i n  t h e  express ion  
(12Vn/aDc3)L a r e  smal l  i n  magnitude compared w i t h  t h e  terms t h a t  con- 
t a i n  t h e  express ion  ( p - p ' ) g L  or (T-Po+PA). 
and t h e  s t r e s s  i n t e n s i t y  f a c t o r  o f  a l a r g e  cri;r,k w i t h  water  f l o w i n g  
i s  e s s e n t i a l l y  t h e  same as t h a t  o f  a w a t e r - f i l i e : '  c r a c k  i n  wh ich  t h e  
f l u i d  i s  s t a t i o n a r y .  

TLIIJS t h e  c rack  p r o f i l e  

A Remark on Two C o r r e c t i o n s  

There a r e  two c o r r e c t i o n s  t h a t  can be m d t  t o  our  r e s u l t s .  One 
o f  these i s  f o r  t h e  i n f l u e n c e  o f  the  e a r t h ' s  svrf:,cc. Another 
c o r r e c t i o n  takes i n t o  account t h e  f o r c e  i n  t h e  v c r k i c a l  d i r e c t i o n  
produced a t  t h e  c r a c k  w a l l s  by t h e  f l u i d  presGure because t h e  c r a c k  
w a l l s  a r e  n o t  v e r t i c a l  when t h e  c r a c k  i s  f i l l e d  w i t h  f l u i d .  I t  can 
be shown (Weertman and Chang) t h a t  b o t h  of these c o r r e c t i o n s  a r e  
n e g l i g i b l y  smal l .  

Conclus ion 

We conclude f rom t h i s  a n a l y s i s  t h a t  t h e  c rack  p r o f i l e  and s t r e s s  
i n t e n s i t y  f a c t o r s  o f  any l a r g e  v e r t i c a l  f l u i d - f i l l e d  c r a c k  f o r  heat  
e x t r a c t i o n  purposes w i l l  n o t  be changed a p p r e c i a b l y  when f l u i d  i s  
fo rced t o  f l o w  th rough t h e  c r a c k  a t  p h y s i c a l l y  p r a c t i c a l  v e l o c i t i e s .  
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