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T h i s  paper p resents  a s i m p l i f i e d  a n a l y t i c  t rea tment  o f  t h e  
problem o f  f l u i d  f l o w  and heat  t r a n s f e r  i n  a h o t  water  r e s e r v o i r .  A 
m u l t i - l a y e r e d  r e s e r v o i r  i s  considered, w i t h  a c i r c u l a r  a r r a y  o f  pro-  
duc ing w e l l s  surrounded by a c o n c e n t r i c ,  c i r c u l a r  a r r a y  o f  i n j e c t i o n  
w e l l s .  Complete i n j e c t i o n  o f  produced water ,  and hence an eventual  
steady s t a t e ,  i s  assumed f o r  t h e  f l o w  system. 
i s  assumed i n  t h e  r a d i a l  d i r e c t i o n .  The rock  p r o p e r t i e s  a r e  a l lowed 
t o  v a r y  from l a y e r  t o  l a y e r ,  b u t  a r e  considered u n i f o r m  w i t h i n  a 
p a r t i c u l a r  l a y e r .  The heat  t r a n s f e r  problem i s  handled by a modi- 
f i c a t i o n  o f  t h e  s o l u t i o n  t o  t h e  problem o f  heat e x t r a c t i o n  from 
f r a c t u r e d  d r y  rocks  proposed by Gr ingar ten ,  e t  a l .  (1975).  The 
r e s e r v o i r  i s  represented as a v e r t i c a l  s t a c k  of h o r i z o n t a l  l a y e r s ,  
w i t h  permeable and impermeable l a y e r s  a l t e r n a t i n g .  The pressure  
d i s t r i b u t i o n s  i n  v a r i o u s  l a y e r s  a r e  c a l c u l a t e d  by s p a t i a l  super-  
p o s i t i o n  o f  t h e  cont inuous l i n e  source s o l u t i o n  f o r  t h e  g i v e n  geo- 
metry ,  w i t h  average f l u i d  and rock  p r o p e r t i e s  w i t h i n  t h e  system. 
T h i s  approach can y i e l d  r e s u l t s  such as t h e  breakthrough t i m e  o f  
i n j e c t e d  water  i n  each l a y e r ,  p ressure  d i s t r i b u t i o n  i n  space and t ime 
and t h e  temperature o f  t h e  produced water  over  t ime.  I n  a s tudy  o f  
t h e  Heber geothermal r e s e r v o i r  i n  t h e  I m p e r i a l  V a l l e y  o f  C a l i f o r n i a  
such r e s u l t s  have shown reasonably c l o s e  agreement w i t h  t h e  r e s u l t s  
f rom computer s i m u l a t i o n .  

A temperature g r a d i e n t  

Many h o t  water  geothermal r e s e r v o i r s  d i s p l a y  a c losed temperature 
anomaly, i .e . ,  t h e  temperature o f  t h e  r e s e r v o i r  i s  h i g h e s t  near t h e  
c e n t e r  and g r a d u a l l y  d e c l i n e s  towards t h e  p e r i p h e r y .  For such 
r e s e r v o i r s  a l o g i c a l  development p l a n  i s  t o  produce h o t  water  from 
t h e  c e n t r a l  p a r t  o f  t h e  r e s e r v o i r  through an a r r a y  o r  c l u s t e r  o f  p ro-  
d u c t i o n  w e l l s .  The heat  i s  e x t r a c t e d  f rom t h e  produced water  f o r  
power genera t ion ,  and t h e  coo led  water  i s  i n j e c t e d  i n t o  t h e  c o o l e r  
marg ina l  areas o f  t h e  r e s e r v o i r  through an a r r a y  o f  i n j e c t i o n  w e l l s .  
T h i s  paper p resents  a s e m i - a n a l y t i c  method f o r  a n a l y z i n g  t h e  heat  and 
f l u i d  f l o w  c h a r a c t e r i s t i c s  o f  such a system. 

HEAT FLOW ANALYSIS 

The o b j e c t i v e  o f  t h i s  a n a l y s i s  i s  t o  be a b l e  t o  f o r e c a s t  t h e  
o u t l e t  temperature which, t o g e t h e r  w i t h  t h e  f l u i d  p r o d u c t i o n  r a t e  a t  
t h e  p r o d u c t i o n  w e l l s ,  determines t h e  heat  f l o w  r a t e .  
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Physica l  and Mathematical Model. As shown i n  F igure  l a ,  the 
r e s e r v o i r  cons i s t s  o f  t h i n  sand and shale layers  w i t h  d i f f e r i n s  t h i c k -  
ness, pe rmeab i l i t y  and p o r o s i t y  f o r  each sand layer ,  and w i t h  ;hale 
l aye rs  a l l  having the  same th ickness and assumed t o  be located 
between these sand layers.  Cold water i s  i n jec ted  through the 
i n j e c t i o n  w e l l s  located on a c i r c l e  w i t h  rad ius  R2 and hot  water i s  
produced a t  the produc t ion  well 's located on a c i r c l e  w i t h  rad ius  R1 
as shown i n  F igure  l b .  I n i t i a l l y  the r e s e r v o i r  temperature increases 
l i n e a r l y  from the  i n j e c t i o n  w e l l s  t o  the  produc t ion  w e l l s .  

The mathematical model i s  based upon Figure 2 where the  
re levan t  in format ion concerning the heat f l o w  f o r  a sand laye r  i s  
represented. ZE i s  the  d is tance from the  bottom o f  the  shale l aye r  
t o  the no heat f l o w  boundary w i t h i n  i t .  I f  the average water f low 
r a t e  f o r  a l l  t he  sand laye rs  i s  the  same and the  th ickness o f  the  
sand layers  and the  shale layers i s  constant then ZE w i l l  be h a l f  
o f  the  shale th ickness.  

The fo l l ow ing  assumptions a re  made i n  s i m p l i f y i n g  the phys ica l  
model : 

1. The sand laye rs  and the shale layers  a r e  homogeneous 
and i s o t r o p i c .  

2. The dens i ty ,  heat capac i ty ,  and thermal c o n d u c t i v i t y  o f  
water,  o f  the s o l i d  m a t r i x  o f  the sand layer ,  and o f  the  
shale layer  a re  constant.  Fur ther ,  the dens i ty ,  s p e c i f i c  
heat, and thermal c o n d u c t i v i t y  o f  the shale and o f  the 
s o l i d  m a t r i x  o f  the  sand layer  a re  the same. 

3 .  The water temperature Tw i s  o n l y  a f u n c t i o n  o f  r a d i a l  
coord inate,  r ,  and time, t, and does no t  vary w i t h  the  
v e r t i c a l  coord inate,  z. 

4. Heat conduct ion i n  the r a d i a l  d i r e c t i o n  i n  both sand and 
shale layers  i s  n e g l i g i b l e .  

5. I n i t i a l l y ,  both the  sand and shale layers  a re  a t  the same 
temperature a t  any g iven r. Taking the  temperature 
g rad ien t  i n  the  r d i r e c t i o n  i n t o  account, t he  i n i t i a l  
temperature d i s t r i b u t i o n  a t  any g iven r i s  g iven by the 
i n i t i a l  rock temperature Tro a t  the p o i n t  o f  p roduc t ion  
minus the product o f  the  temperature grad ien t ,  a, and 
the d is tance from the produc t ion  w e l l .  

Heat f l o w  f o r  a s i n g l e  layer ,  shown i n  F igure  2, i s  governed 
by t w o  d i f f e r e n t i a l  equat ions 

- 127- 



where p C = (l-+)pRCR + +pwCw 
1 1  

and 

T (r,t) and T (r,z,t) are water and rock temperatures respectively. 

The temperatures must also satisfy the following initial and 
W R 

boundary conditions: 

T R (r,z,t) = T W (r,t) = T RO - a(R2-r), t<r/v ( 3 )  

TR(R2,z,t) = Tw(R2,t) = TRO t<O ( 4 )  

TR(R2,z,t) = T w 2  (R ,t) - T wo t>,O (5) 

( 6 )  T W (r,t) = TR(ryZEyt) for all r and t 

For a single layer, taking ZE at infinity, Lauwerier (1955) 
gave a solution for the above problem in Cartesian coordinates. In 
order to use Lauwerier's solution the shale layers separating the 
sand layers should be thicker than they.are assumed to be in this 
study. Carslaw and Jaeger (1959) gave the solution to the same 
problem as Lauwerier except that they considered a single fracture 
instead of a porous sand layer. 
gave the solution for the mathematical problem above in Cartesian 
coordinates, but they solved the problem for an infinite series of  
parallel, equidistant fractures of uniform thickness rather than for 
sand layers. Gringarten gave the solution, dimensionless temperature 
TWD(r,tD), in the form of a graph as a function o f  two dimensionless 
numbers, given in our notation as follows: 

Recently, Gringarten -- et al. (1975) 

where t'= t-(R -R )/Fw. 
through time, i.e., the time taken by the injected water to arrive 
at the production well. The dimensionless temperature, T D, is given 
by : 

The second term (R2-R1)/Tw is the break- ? '  

W 
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I 

For g i v e n  va lues  o f  Z and tD, TwD i s  read from t h e  graph. ED 
- 

D e f i n i n g  an average f l o w  r a t e ,  q, per  sand l a y e r  per  u n i t  leng th ,  
one can use t h e  s o l u t i o n  g i v e n  by Gr ingar ten  -- e t  a l .  i n  t h e  a n a l y s i s  
o f  t h e  problem a t  hand. T h i s  a p p l i c a t i o n  i s  summarized i n  t h e  f o l l o w -  
i n g  s e c t i o n .  

A p p l i c a t i o n  o f  G r i n g a r t e n ' s  S o l u t i o n .  I n  o r d e r  t o  use t h e  
s o l u t i o n  g i v e n  i n  g r a p h i c a l  form t o  f i n d  t h e  produced water  tempera- 
t u r e ,  one needs t o  determine t h e  dimensionless numbers g i v e n  by Eqs. 
8 and 9. Assuming t h e  thermal p r o p e r t i e s  o f  t h e  water  and s h a l e  a r e  
known, s t i l l  t o  be found a r e  t h e  va lues o f  t h e  breakthrough t ime,  
(R2-R1)/vw, and t h e  r a t i o  between t h e  average f l o w  r a t e ,  q ,  and t h e  
d i s t a n c e  r = R - R  

- 

2 1 '  - 
Given t h e  t o t a l  i n j e c t i o n  r a t e  Q, the  average f l o w  r a t e ,  q, 

i s  g i v e n  by t h e  express ion:  

Based on  t h e  r e l a t i v e  magnitude o f  t h e  ( k h ) i  p roduc t  o f  each l a y e r  
t h e  average f l o w  r a t e  f o r  each l a y e r  i s  found as: 

m 

t h  
where ( k h ) i  i s  t h e  produc t  o f  p e r m e a b i l i t y  and th ickness  o f  t h e  i 
l a y e r ,  and m i s  t h e  number o f  sand l a y e r s .  

D i v i d i n g  t h e  r a t e ,  qi, f o r  a sand l a y e r  by t h e  produc t  o f  i t s  t h i c k -  
ness and p o r o s i t y  ( h $ ) i ,  t h e  average v e l o c i t y  i n  t h e  l aye r  i s  o b t a i n e d :  

- - 
= q i / ( h + )  i, i= l ,2 , .  . . ,m 

"w i 

- - 
Using these va lues o f  q i ,  and v w i  together  w i t h  r = R2-Rl i n  

Eqs. 8 afid 9, t h e  va lues o f  Z E D  and t h e  breakthrough t ime, 
(R -R )/vwi, a r e  found. 

d i f f e r e n t  t imes,  now t h e  t a s k  i s  t o  determine t h e  d imensionless t ime, 
t ' D ,  which i s  taken as zero  f o r  t < ( R  -R,)/Gwi. 
c a t i o n  o f  G r i n g a r t e n ' s  s o l u t i o n  t o  t g e  problem under i n v e s t i g a t i o n  
one faces t w o  problems: 

2 1  

To o b t a i n  t h e  water  o u t l e t  temperatures f o r  each l a y e r  a t  

However, i n  t h e  a p p l i -  
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( 1 )  as po in ted  o u t  e a r l i e r ,  Gr ingar ten 's  s o l u t i o n  assumes t h a t  a l l  
the  f l o w  ra tes  a r e  the  same and the re fo re  t h a t  Z E D i ' s  a re  the same, 
whereas here they a re  d i f f e r e n t  f o r  each laye r ,  and 
(2) Gr ingar ten assumes t h a t  t he re  i s  no temperature g rad ien t  along 
the  f r a c t u r e ,  whereas there  i s  a temperature g rad ien t  a long the  sand 
layer  i n  the present problem. 

Per ta in ing  t o  the  f i r s t  o f  these problems, i f  the  values o f  
Z E ~ ~ ' S  f o r  the  layers  expected t o  have s i g n i f i c a n t  o u t l e t  temperature 
drops a l l  f a l l  i n  a narrow range, then the e r r o r s  introduced by the  
var iance o f  ZED from layer  t o  l aye r  can be considered acceptable f o r  
engineer ing purposes. 
t i o n  o f  no temperature g rad ien t  i n  the r a d i a l  d i r e c t i o n  and t o  in-  
c lude the  e f f e c t  o f  t h i s  temperature grad ien t  i n  the  s o l u t i o n ,  a l l  
o f  the layers  can be d i v ided  i n t o  several  concent r i c  sec t ions .  
I n i t i a l l y  a l l  the  sec t ions  a r e  assumed t o  be a t  a un i fo rm temperature 
which i s  g iven by t h e i r  median temperature, and the temperature grad- 
i e n t  i n  each o f  these sec t ions  i s  neglected. A lso the  area weighted 
average f l o w  ra te ,  8, i s  ca l cu la ted  f o r  each sec t i on  o f  every sand 
laye r  and thus the  same i s  done f o r  ydi. 

As f o r  the  second problem, t o  r e l a x  the  assump- 

In f i n d i n g  the  o u t l e t  temperature h i s t o r y  o f  a l aye r  a t  
t = t l < t 2 <  ... <tm, one f i r s t  c a l c u l a t e s  the o u t l e t  temperature a t  the  
produc t ion  end o f  the f i r s t  sec t ion ,  which w i l l  have the sho r tes t  
breakthrough time. Using Gr ingar ten 's  s o l u t i o n ,  the  o u t l e t  tempera- 
t u r e  o f  t h i s  sec t i on  i s  obta ined a t  t ime t 2  w i t h  t ime i n t e r v a l  
A t 1  = t l , t 2 .  
sec t i on  but  the next sec t i on  ( o r  sect ions)  breaks through, then f i r s t  
the  o u t l e t  temperature o f  t h i s  second sec t i on  i s  found. 
o f  t h i s  o u t l e t  temperature i s  used as the  i n j e c t i o n  temperature f o r  the  
f i r s t  sec t i on  t o  f i n d  i t s  o u t l e t  temperature by superpos i t ion .  

I f  dur ing  t h i s  f i r s t  t ime per iod  A t 1 ,  no t  o n l y  the  f i r s t  

The average 

The above procedure i s  repeated f o r  a l l  the  l aye rs  and t h e i r  
Taking the dens i t y  and the o u t l e t  temperature h i s t o r i e s  a re  found. 

s p e c i f i c  heat o f  water constant ,  the  average bottom ho le  water o u t l e t  
temperature h i s t o r y  i s  found by the  f o l l o w i n g  expression: 

m 

FLUID FLOW ANALYSIS 

The o b j e c t i v e  i n  t h i s  sec t i on  i s  t o  be a b l e  t o  p r e d i c t  the  
pressure behavior o f  p roduc t ion  and i n j e c t i o n  w e l l s  again f o r  the 
system shown i n  F igure  1. 
f l u i d  f l o w  c h a r a c t e r i s t i c s  o f  t he  system, both e a r l y  and l a t e  pressure 
h i s t o r i e s  w i l l  be inves t iga ted .  

I n  o rder  t o  get  a b e t t e r  understanding o f  the  

The f o l l o w i n g  assumptions a r e  made i n  order  t o  s i m p l i f y  the  
physics o f  t he  problem: 
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. . . . . . . 

t he  r e s e r v o i r  i s  i n f i n i t e l y  large,  compared t o  the w e l l  bore 
rad ius  
homogeneous and i s o t r o p i c  medium 
format ion has a un i fo rm thickness 
p o r o s i t y ,  pe rmeab i l i t y ,  and v i s c o s i t y  a re  constant (independ- 
en t  o f  pressure and temperature) 

Fur ther ,  f o r  s i m p l i c i t y ,  the r a d i i  of the produc t ion  and i n j e c t i o n  w e l l s  
a r e  taken t o  be the  same, and the  produc t ion  and i n j e c t i o n  w e l l s  a r e  
assumed t o  have constant  p roduc t ion  and i n j e c t i o n  ra tes  and show no 
s k i n  e f f e c t .  

The s o l u t i o n  g i v i n g  the  pressure h i s t o r y  of a produc t ion  w e l l  
producing a t  a constant  r a t e  located i n  a r e s e r v o i r  f o r  which the  above 
assumptions ho ld  i s  the  continuous l i n e  source s o l u t i o n  g iven as 
fo l l ows :  

where r = r/rw, 
D 

= 0.000264 kt /+uct rw2 , and 
t D  

m 

For an i n j e c t i o n  w e l l  the  produc t ion  ra te ,  qg, i n  Eq. 1 5  w i l l  be r e -  
p laced by the  i n j e c t i o n  r a t e  w i t h  negat ive s ign  (-9. ) .  i n  

I n  an i n f i n i t e  rese rvo i r  where there  are  N p roduc t ion  and M 
i n j e c t i o n  we l l s ,  the  pressure h i s t o r y  o f  any g iven produc t ion  o r  i n -  
j e c t i o n  w e l l  can be found through the  s o l u t i o n  g iven above w i t h  s p a t i a l  
superpos i t ion  i f  the i n j e c t i o n  and product ion ra tes  a r e  constant  w i t h  
t ime o r  a r e  a s tep func t i on  o f  t ime. 

Taking qp as the produc t ion  r a t e  f o r  a l l  the produc t ion  w e l l s  
and q as' the i n j e c t i o n ' r a t e  f o r  a l l  the  i n j e c t i o n  we l l s ,  the  
pressure h i s t o r y  o f  a p roduc t ion  w e l l  w i l l  be g iven by: 

i n  

- r 4 1  .3pBWq 

+ [ kh ]E - 4 
Pp( r , t )  = P. I kh 

141 .3PBwqin M 

j = 1  
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A s i m i l a r  express ion w i l l  be ob ta ined f o r  t h e  i n j e c t i o n  pressure  h i s t o r y ,  

' i n  

needs t o  f i n d  t h e  d imensionless r a d i a l  d i s t a n c e  r D i  t o  a l l  o f  t h e  
p r o d u c t i o n  w e l l s  and r D j  f o r  a l l  o f  t h e  i n j e c t i o n  w e l l s ,  and then t o  
f i n d  a l l  o f  t h e  va lues o f  t h e  exponent ia l  i n t e g r a l  f o r  a l l  o f  t h e  

( r , t ) ,  f o r  an i n j e c t i o n  w e l l .  

T o  f i n d  p p ( r , t )  f o r  a g i v e n  v a l u e  o f  d imension less t i m e  tD one 

arguments ( r  2 D i / 4 t D ) ,  i = I ,..., N ,  and ( r 2 D j / 4 t ~ ) ,  j = 1 ,..., M. 

D j  For t h e  system under i n v e s t i g a t i o n  t h e  va lues  o f  rD i  and r 
can be eva lua ted  through t h e  f o l l o w i n g  express ions (see F i g u r e  3 )  : 

r = l , i = l  Di (17) 

(19) , j = 1 , 2 ,  . . . M  2 2  271 ( j  - 1  
M 

r = L V R 1  + R2 - 2R R COS 
D j  rw 1 2  

A computer program i s  developed and p r o d u c t i o n  and i n j e c t i o n  
pressure  h i s t o r i e s  a r e  computed f o r  v a r i o u s  va lues o f  t h e  v a r i a b l e s  
a f f e c t i n g  t h e  f l u i d  f l o w  c h a r a c t e r i s t i c s  o f  t h e  system. 

NOMENCLATURE 

W 

t 

B 

C 

c R  

kR 

pD 

'i 
r 

TRO 
T 

k 

W 

wo 

w V 

P R  

p W  

u 
9 
e 

f o r m a t i o n  volume f a c t o r  f o r  water  

t o t a l  system e f f e c t i v e  isothermal  c o m p r e s s i b i l i t y  

s p e c i f i c  heat  o f  s h a l e  o r  t h e  s o l i d  m a t r i x  o f  t h e  sand 
l a y e r s  

f o r m a t i o n  p e r m e a b i l i t y  

thermal c o n d u c t i v i t y  o f  s h a l e  o r  t h e  s o l i d  m a t r i x  of t h e  
sand l a y e r .  

d imension less pressure  

i n i t i a l  p ressure  

r a d i u s  of t h e  p r o d u c t i o n  or i n j e c t i o n  w e l l s  

rock  temperature a t  t h e  p o i n t  o f  i n j e c t i o n  

water  i n j e c t i o n  temperature 

water  v e l o c i t y  

d e n s i t y  o f  s h a l e  or t h e  s o l i d  m a t r i x  o f  t h e  sand l a y e r s  

d e n s i t y  o f  water  

v i s c o s i t y  o f  water  
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Figure 1. Physical system 
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Figure 2. Mathematical model 
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Figure 3 .  Explanation of symbols 
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