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The f o l l o w i n g  paper i s  an a b s t r a c t  o f  a r e p o r t  under comple t ion  a t  t h e  
Lawrence Berkeley Labora tory  (Assens, 1977); t h e  main purpose o f  t h i s  r e p o r t  
i s  t o  (1) p r o v i d e  a mathematical  d e r i v a t i o n  o f  t h e  equat ions d e s c r i b i n g  t h e  
t r a n s f e r  o f  heat,  mass and momentum i n  a geothermal b r i n e  r e s e r v o i r  
( e s p e c i a l l y  when heat o r  mass sources a r e  p r e s e n t ) ,  and ( 2 )  h e l p  i n  t h e  
c h o i c e  of t h e  dependent v a r i a b l e s  bes t  s u i t e d  f o r  s o l v i n g  these equat ions 
n u m e r i c a l l y .  

The b a s i c  t o o l  i s  an averag ing  procedure t h a t  a l l o w s  t h e  d e r i v a t i o n  
o f  t h e  t r a n s p o r t  equat ions i n  a porous medium f rom t h e  l e v e l  o f  t h e  pores,  
where each o f  t h e  s o l i d ,  l i q u i d  and f l u i d  c o n s t i t u e n t s  i s  cons idered as a 
separate continuum, t o  a g rosser  l e v e l  where t h e  medium i n  which t r a n s p o r t  
takes p l a c e  i s  i t s e l f  cons idered as a cont inuum w i t h o u t  r e f e r e n c e  t o  i t s  
t h r e e  components. 

Two v a r i a n t s  o f  t h i s  averag ing  have been proposed by chemical  engineers:  
Anderson and Jackson (1967) on one hand, Whi taker  (1969, 1973) and 
S l a t t e r y  (1972) on t h e  o t h e r .  
a p p l i e d  t o  t h e  d e r i v a t i o n  of t h e  t r a n s p o r t  o f  s o l u t e  (B lake and Garge, 1976) 
whereas t h e  l a t e r  was used i n  r e l a t i o n  t o  t h e  t r a n s p o r t  o f  s o l u t e  (Gray, 
1975), a d e r i v a t i o n  o f  Darcy 's  law (Gray and O ' N e i l l ,  1976; Neuman, 1976) 
and t h e  t r a n s p o r t  o f  heat  in terms of f l u i d  i n t e r n a l  energy (Witherspoon 
e t  a l .  1975) o r  en tha lpy  (Faust,  1976). 

The former v a r i a n t  has been r e c e n t l y  

I n  t h e  f o l l o w i n g  pages we r e s t r i c t  t h e  scope o f  o u r  i n v e s t i g a t i o n  t o  
a one-component f l u i d  and f o l l o w  t h e  l a t t e r  o f  t h e  aforement ioned v a r i a n t s ,  
hoping t h a t  we may a v o i d  some o f  t h e  shortcomings n o t i c e d  i n  t h e  l i t e r a t u r e  
surveyed w h i l e  o b t a i n i n g  a more complete form o f  t h e  t r a n s p o r t  equat ions .  

THE BALANCE EQUATIONS FOR A CONTINUUM 

Hypotheses: 

( G l )  Continuum approx imat ion  

( G 2 )  N e g l i g i b l e  thermodynamic f l u c t u a t i o n s  

( G 3 )  Laminar flow regime 

(G4)  One component f l u i d  
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Mass balance:  

a a 
j 

a t  ax 
2 + - ( P V j )  = 0 

Momentum balance ( i - d i r e c t i o n )  

THE AVERAGING PROCEDURE 

D e f i n i t i o n s :  

Consider ,  w i th in  t h e  porous medium, a f ixed  r e p r e s e n t a t i v e  elementary 

volume (Bear, 1972) Ra (a = S, L ,  G ) .  



Let $ be any p rope r ty  o f  t h e  a-phase,  def ined  phys ica l ly  i n  R and mnthe- 
a c1 

m a t i c a l l y  set equal  t o  zero i n  R - R . 
Phase average : <$ > I dV 

a 

a v  
R 

J $adV I n t r i n s i c  phase 
average : 

Rcl 

Deviat ion:  

Any q u a n t i t y ,  e .g .  <$a>, t h a t  has  no meaning a t  a f i n e r  l e v e l  than 

t h a t  o f  t h e  R . E . V .  w i l l  be  subsequent ly  r e f e r r e d  t o  as " loca l ly1 t  de f ined ,  

whereas a q u a n t i t y  t h a t  exis ts  a t  t h e  l e v e l  o f  t h e  po re ,  e . g .  w i l l  be 

r e f e r r e d  t o  as "pointwise" de f ined .  

Hypotheses: 

(GS) c h a r a c t e r i s t i c  l eng ths :  d << R << L 

(pore)  ( R . E . V . )  ( r e s e r v o i r )  

(Sa) 
a 

= <$a> <<$ >> = <<I$ >> 
a a (G6) good behavior  of $ : 

a a a  01 

= <JIa> 
<<$ > > = <<$ > > 

a a 

Theorems : 

General t r a n s p o r t  theorem (Whitaker, 1969): 

Averaging theorem (Whitaker, 1969; S l a t t e r y ,  1972): 

a% a 1 
ax 

j 
< - >  = - <$ > + - 

ax a v J Jlanaj - j 
s a 
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Modified averaging theorem (Gray, 1975):  

dA a% a a < - > =  
ax.  Q ax 

3 

Modified t r a n s p o r t  theorem (Assens, 1977):  

J 

Nice r e l a t i o n s :  

n d A = -  
a j  

w n dA aj aj 

- 
j 

ax 

a t  
a a€ 

= -  

THE AVERAGED BALANCE EQUATIONS 

Assume t h a t  (Hl) t h e  average o f  t h e  product o f  two o r  more dev ia t ions  -I_ 

of v a r i a b l e s  not  s t r o n g l y  dependent on v e l o c i t y  i s  n e g l i g i b l e  compared t o  

t h e  product o f  t h e  averages o f  t h e s e  v a r i a b l e s .  

Mass ba lances :  
So l id  - Assume (H2) incompressible ,  non r e a c t i n g  s o l i d .  

- -  - 0  a t  

F lu id  phase ~ ( a  = L ,  G): 

a - -  a c1 a (<p >cl<v >) + LJp (v - w . )  n dA + - ax <PaVaj’  = 0 
QJ aj j 

- (Ea <Pa’ 1 + ax a aj V a aj 
j 

a t  
( 1 5 )  

(convect ion)  (phase change) (d i spe r s ion )  ( s torage)  
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where the dispersion term may be omitted subject to ( H 3 )  low correlation 

between density and velocity. 

Momentum balances: 

Solid - Assume (H4) indeformable solid matrix 

V = o  sij 
Fluid - Assume (HS) negligible inertia 

yields Darcy's formula in the case of a ( H 6 )  rigid gss-liquid interface 

with no slip. 

Heat Balances: 

Solid - Define the "stagnant" thermal conductivity A '  
S by: 

Then, by H1: 

a s s  - (E: <p > <e > ) at s s  s 
0 a a < T > ) + -  S v 'J(-As 2) nSjdA = < E  S > 

(conduction across 

(storage) 

<=Vs a t  s sol id) fluid-solid interface) 

3 
(-Esx; ax s ax 

+ -  

sS 
j j 

(conduction within s a  S > - < T >  € <p > s s  

(1'3) 

Fluid - Define the tensor of thermal dispersion A$j as follows: 

Then define the "effective" thermal conductivity tensor: 

* 
f A '  + A"  

ai j 0: aij x 
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Finally assume ( H 7 )  negligible viscous dissipation 

(storage) (convect ion) (conduction within phase a) 

(convection + conduction across 
interfaces separating phase a 
from phase B and solid) 

(pressure work 1 

(residual pressure work) (internal generation) 

COMBINING THE AVERAGED EQUATIONS 

Fluid momentum balance: Define ( l o c a l l y )  the f l u i d  mass f l u x :  

Assume (H8) negligible capillarity, then define (pointwise) t h e  r e se rvo i r  

pressure p: 
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F F lu id  mass ba lance :  Define ( l o c a l l y )  t h e  f l u i d  d e n s i t y  <pF> as fo l lows:  

G E <p >F f E <p > L  + E <p > 
F F  L L  G G  

then  : 
0 

am 
- (€ <p > ) + A =  0 
a t  F F ax 

j 

a F 

F F lu id  hea t  ba lance :  Define ( l o c a l l y )  t h e  f l u i d  i n t e r n a l  energy <e > 

and i n t e r n a l  heat genera t ion  r a t e  <E > as fo l lows:  

F 
0 

F 

0 0 0 

<E > Z <E > + <E > 
F L G 

Then : 

* 
L a <T > G )  

'G'Gij 5 G <TL> - F a .  F 3 a 
3 j 

<p > <e >) + - (m.<e$ ) +  ax ( -E A *  - 
ax 1 L L i j  axi 

a 
at (€F F F 

L aEL a <v >) + <pG> G (at aEG + - a <v >) 
ax Cj 

aTS 

j 

(30) 

L j 
- L j ( - A s  ax) nsj dA + <p > (- + - V L a t  ax 

+ 1 (FGvGj - p L v LJ " )  n Lj dA + / (pL - pG) wLjnLjdA = < E F >  

j j 
sS 

0 
5 1 CI 

LG LG 

Assume (H9) t empera ture  e q u i l i b r i u m  between both f l u i d  phases  then  d e f i n e  

(poin twise)  t h e  f l u i d  tempera ture  T ( l o c a l l y )  t h e  f l u i d  e f f e c t i v e  thernial 

SF c o n d u c t i v i t y  t e n s o r  X 

(Combarnous and Bor ies ,  1974) : 

F' 
* 

and a c o e f f i c i e n t  o f  s o l i d - f l u i d  heat t r a n s f e r  h F i j  



with <TF> F = <TL> L = <TG> G 

ahSF(<TS> S - <TF> F ) = - 1  - j ( - A s  ax) aTS nsj dA 
V 

S, j 
(33 )  

S 

AS with a 

Then 

-, solid-fluid interfacial area per unit volume of porous medium. v 

(storage) (convect ion) (cknduc t i on within f 1 uid) 

(conduction across (pres sure work) (residual pressure work) solid-fluid inter- 
face) 

e 
= <E$ (internal generation) (34) 

Solid heat balance: By H8 and H9, 

a s s  - (E <p > <e > ) at s s  s 
* a S s F <T > ) + ahsF(<TS> - <TF> ) (-€SASij s 

(conduction within solid) (conduction across 
solid-fluid interface) 

( 3 5 )  

(storage) 
S a <TS> S 

& <p > <c > - s s  vs at 

= <E > (internal generation) S 

Solid-fluid heat balance: 

Assume (H10) solid-fluid temperature equilibrium then define ( p o i n t h  i se I 

the reservoir temperature ’r and (locally) t h e  reservoir effective therin;~ 1 
* 

conductivity tensor X : ij 

-275- 



( T ~  in R S 

* * 
- (with E + E = 1) 

* - 
Xij - ESXSij + EFXFij S F  ( 3 7 )  

Then : 

* a <T>) a *  F a 
j 

( - X i j  (m.<e > ) + - <eF> ) + - F 
ax 

F 
a x .  J F 

1 
(storage) (convection) (conduction) 

0 0 a + <p-a,; (<v > + <v >) = < E  > + < E  F > Lj Gj S 
J 
(pressure work) (internal generation) 

Similarly, in terms of (fluid) enthalpy: 

* 
( - A . .  - a <T>) S F F  a .  F a 

11 ax i ax 
j 

at a ( ~ < p > < e > ' + ~ < p > < h > )  s s  s F F  F + -  ax (mj <h F ' I + - 
j 

0 0 a 
j 

(<vLj> + <V - -- <p> - >) - <p> = <E > + <E > a 
at Gj a x  S F 

ELEMENTAL AVERAGING 

(Or,how to fit external heat o r  mass sources, such a s  wells o r  l c a k i n g  

boundaries, into the balance equations.) 

\ 
The Procedure \ 

Partition the reservoir into a set of 

"elements". Any element R is bounded by 

\ 

c 
/ 

e 
i) an interface S connecting R to 

C e 

neighboring elements. 

ii) a surface Sw separating R from e 
\ 
\ 

the "outside". 

Elemental average: 
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Hypothesis G5 modified: 

a. << II << L (d<<) e 
(pore) (R. E.V. ) (element) (reservoir) 

Divergence theorem: 

Elemental mass balance: 

e 
+ j g.n.dA = M 

’e at 1 3  
C 

S 

Elemental momentum balance: Immaterial 

( 4 2 1  

Elemental heat balance: By approximation of the pressure term in ( 3 8 e ) :  

(43e)  

Alternatively: 

- - * 
x ’ -  

e w  

e a< > * - J  ( < v L j >  + <v >) dV = V (E + E,) + thw + AW(r-) (TW - - ’e at Gj e S  

Re 

-277- 



TOWARD NUMERICAL SOLUTION 

The Pressure-Work Term 

The main d i f f e r e n c e  between equat ions (43e) and (43h) l i e s  i n  the 
pressure terms i n  the  l e f t  s ide.  These terms may be viewed as coup l ing  the  
heat balance t o  the  mass balance. 

An order  o f  magnitude ana lys i s  (Appendix B) shows t h a t ,  under steady 
s t a t e  cond i t ions ,  the  c o n t r i b u t i o n  of the pressure-work term t o  the  heat 
balance i s  systemat ica l  l y  lower w i t h  equat ion (43h) than w i t h  equat ion (43e) ; 
t h a t  term cannot however be neglected, even i n  equat ion (43h), s ince  i t  i s  
o f  the same order  o f  magnitude as the  convect ion term when the  element 
considered i s  devoid o f  any ex terna l  mass source. 

Equation (43h) e x h i b i t s  an a d d i t i o n a l  pressure term i n v o l v i n g  the  t ime 
d e r i v a t i v e  o f  the  elemental pressure:  we expect t h a t  term t o  y i e l d  a 
s i g n i f i c a n t  c o n t r i b u t i o n  t o  the  heat balance o f  those elements on l y  t h a t  
inc lude w e l l s  and o n l y  f o r  a "short"  per iod  o f  t ime f o l l o w i n g  every d r a s t i c  
change i n  the  r a t e  o f  mass generat ion.  

Provided such d r a s t i c  changes cover a r e l a t i v e l y  small p a r t  o f  the  
simulated life span of the geothermal reservoir, we think that, all i n  all, 
equat ion (43h) may be eas ie r  t o  so lve  than equat ion (43e). 

The ln tea ra ted  F i n i t e  D i f f e rence  Method 

Le t  us now compare equat ions (43e) and 43h) from the s tandpoint  o f  
ease i n  programming by the  In tegra ted  F i n i t e  D i f f e rence  Method (Lasseter 
e t  a l . ,  1975; Assens, 1976). 

The re levan t  c h a r a c t e r i s t i c s  o f  t h a t  method a r e  t h a t  

1)  every element may be connected t o  any number o f  surrounding 
elements and 

2) the  elemental balances a re  obta ined by adding t o  the  s torage and 
generat ion terms the  c o n t r i b u t i o n  ( f l uxes )  o f  every connect ion.  

Using the IFDM, we eva lua te  the pressure-work term i n  (43e) as the  
product o f  the  pressure w i t h i n  Re by the  sum o f  a l l  the  vo lumet r ic  f l uxes  
across a l l  the  connect ing surfaces r e l a t i v e  t o  Re. On the o t h e r  hand, we 
found no s imple way t o  evaluate the  ( i n t e g r a l )  pressure-work term i n  (43h); 
we however acknowledge t h a t  t h i s  might be s t ra igh t fo rward  when us ing  the  
F i n i t e  Element Method. 

We are  c u r r e n t l y  look ing  f o r  a way of  approximat ing the  pressure-work 
term i n  (43h) so t h a t  we may be ab le  t o  apply  IFDM t o  the  s o l u t i o n  o f  t h a t  
p a r t i c u l a r  equat ion.  
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Choosing a Set o f  Dependent Var iab les 

The s e l e c t i o n  o f  (43h) over (43e) imp l ies  the  choice o f  t he  f l u i d  
enthalpy as one o f  t he  two dependent va r iab les  needed t o  f u l l y  descr ibe  the 
behavior o f  the  geothermal system. 

The very form o f  the  mass balance equat ion (42) leads us t o  the  choice 
o f  the  f l u i d  dens i t y  as the  o ther  va r iab le .  A more ma te r ia l  reason f o r  
t h a t  choice i s  however t h a t  the  mass balance f o r  the e n t i r e  r e s e r v o i r  w i l l  
thus be kept more accu ra te l y  than i f  pressure had been taken as the  second 
dependent v a r i a b l e  ( P r i t c h e t t ,  1975: i n  t h i s  l a t e r  case dens i ty ,  then 
considered as a parameter, would be evaluated i n d i r e c t l y ,  based on the  
values o f  enthalpy and pressure obta ined by so l v ing  the  t ranspor t  equat ions.  
I n  the  former case o n l y  dens i t y  increments a re  computed, and the  values o f  
the dens i t y  obta ined a t  the  end o f  t he  previous t ime s tep  accord ing ly  
updated, thus ensur ing b e t t e r  " h i s t o r i c a l "  consistency. 

Whenever temperature e q u i l i b r i u m  i s  no t  f u l l y  es tab l i shed,  as may be 
the  case i n  the  process o f  s t o r i n g  ho t  o r  c o l d  water underground, equat ion 
(43h) needs t o  be replaced by the  elemental averages o f  both equat ions 
(34) and (35): t he  s o l i d  temperature i s  w i t h  l i t t l e  doubt best chosen as 
the  t h i r d  dependent v a r i a b l e  then requi red.  

CONCLUSION 

Averaging the  mass balance equations from the  l eve l  o f  the pore t o  t h a t  
o f  a "R.E.V. "  o f  porous medium y i e l d s  an equat ion the form o f  which i s  
analogous t o  t h a t  o f  the  bas ic  equat ions but  f o r  the i n t r o d u c t i o n  o f  the  
p o r o s i t y  and a d i spe rs ion  term which we expect t o  be n e g l i g i b l e  whenever no 
c o r r e l a t i o n  e x i s t s  between dens i t y  and v e l o c i t y .  

The momentum balance equat ion y i e l d s  an e x p l i c i t  expression f o r  the  
v e l o c i t y ,  prov ided i n e r t i a  i s  n e g l i g i b l e .  

The main change from the  bas ic  heat balance equat ion t o  the averaged 
equat ion i s  the  s u b s t i t u t i o n  o f  a tensor o f  " e f f e c t i v e "  thermal c o n d u c t i v i t y  
o f  the porous medium f o r  the i n d i v i d u a l  sca la r  c o n d u c t i v i t i e s  o f  each s o l i d ,  
l i q u i d  and gaseous cons t i t uen ts .  

Since these equat ions ho ld  o n l y  w i t h i n  the porous r e s e r v o i r  s t r i c t o  
sensu, a f u r t h e r  s tep  o f  averaging i s  requ i red  t o  inc lude the ex te rna l  heat 
o r  mass sources such as w e l l s  or  l eak ing  boundaries: t h i s  c l a s s i c a l  
averaging y i e l d s  equat ions t h a t  express the balance o f  heat and mass f o r  
any element o f  a p a r t i t i o n  o f  the  rese rvo i r ,  i n  a form s u i t a b l e  f o r  numerical 
so lu t i on .  

Comparing the  two forms o f  the  heat balance obtained i n  terms of  e i t h e r  
f l u i d  i n t e r n a l  energy (43e) o r  enthalpy (43h), we f i n d  t h a t ,  beside a h i g h l y  
t r a n s i e n t  pressure term i n  equat ion (43h), the  bas ic  d i f f e r e n c e  l i e s  i n  a 
pressure-work term t h a t  couples the  heat balance t o  the  mass balance: an 
elementary o rder  o f  magnitude ana lys i s  i nd i ca tes  t h a t  coup l ing  i s  minimum 
when heat balance i s  expressed i n  terms o f  enthalpy,  thus favor ing  the 
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s e l e c t i o n  o f  t he  f l u i d  enthalpy as one o f  t he  dependent va r iab les  t h a t  
descr ibe the  behavior o f  the rese rvo i r .  

Th is  choice however does no t  a l l o w  us t o  use the  In tegra ted  F i n i t e  
D i f fe rences  Method i n  the  cu r ren t  s t a t e  o f  our a r t .  

Both computational s i m p l i c i t y  and mass balance accuracy lead t o  the  
s e l e c t i o n  of  the  f l u i d  dens i ty  as second dependent va r iab le ,  supplemented 
by the  s o l i d  temperature whenever s o l i d - f l u i d  temperature e q u i l i b r i u m  i s  
no t  es tab l i shed.  
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NOMENCLATURE 

Whenever relevant, the dimension is listed in the second column i n  

terms o f  mass (M), length (L), time (t) and temperature ( T I .  

Roman lower case letters 

a ( L - 5  

e R 

m 
j 

solid-fluid interfacial area per unit vol l ime 
of porous medium 
coupling ratios pressure-work/heat convection 
specific heat capacity at constant volumt 

characteristic length of  the pore space 

(specific) internal energy 

ith component of the gravitational acceleration 

(specific ent ha1 py 

coefficient of  so 1 id- f luj d heat transfer 

(second order) tensor of absolute permeability 

relative permeability of  the 0: phase  

second order permeability tensor 

characteristic length of the R . E . V .  

characteristic length of  the element R 

jth component of t h e  f l u i d  mass f l u x  

e 

j th component of the unit normal to S directed a’ 
from R outward 

pressure 
a 

time 

jth component of  the point velocity 

jth component of  the elemental velocity 

jth component of the (point) velocity of  S 

jth coordinate 
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Roman c a p i t a l  l e t t e r s  

A, (L2) 

R. 

sC 

W 
S 

v, 

Greek lower c a s e  l e t te rs  

i j  6 

E 

E a 
- 3  -1 (MLt T ) a x 
- 3  -1 A '  (MLt T ) 

CL ~. 

- 3  -1 A" (MLt T ) 
a i  j 
* - 3  .-1 

A .  ( M L t  T ) 
1j 

a r e a  of  S, 

energy generated wi th in  t h e  a phase ,  p e r  u n i t  
time, p e r  u n i t  volume 

c h a r a c t e r i s t i c  length  of t h e  r e s e r v o i r  

mass genera t ion  ,rate 

any space domain 

boundary between Reand t h e  surrounding elements 

boundary between Reand t h e  e x t e r i o r  ( w i t h  r c spec t  

t o  t h e  r e s e r v o i r ) .  

boundary between Ra 

boundary between R and R a 
temperature  

mathematical symbol : "union" 

and R - R 
c1 

8 

volume of  R ,  

c o e f f i c i e n t  o f  ( i s o b a r i c )  therma 1 expans i 011 

coe f f i c  ien t of i s o t  herma 1 expans ion 

Kronecker symbol 

p o r o s i t y  o f  t h e  porous medium 

volumetr ic  f r a c t i o n  of t h e  a phase 

( i n t r i n s i c )  thermal conduc t iv i ty  of  t h e  (x phase 

s tagnant  thermal conduc t iv i ty  

t e n s o r  of  thermal d i s p e r s i o n  

t e n s o r  o f  e f f e c t i v e  thermal conduc t iv i ty  o f  t h e  

porous medium 

dynamic v i s c o s i t y  

d e n s i t y  

v iscous  stress t e n s o r  
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Greek caDital letter 

@ -(t-*) viscous dissipation function 

Subscripts 

c 

e 
connection 

e 1 ement 

F fluid 

i,j ,k spatial coordinates 

L 1 iquid 

S sol id 

W exterior 

a phase identifier ( a  = S ,  L, G) 

8 phase identifier ( B  = S ,  L, C) 

Mathematical symbols and notations 

U union of two sets 

elemental average 
I 

is, by definition, equal to - - - 

< >  phase average over R 

a 
intrinsic phase average over R CY < >  

5 

e deviation from intrinsic phase average 

substantial derivative Do - a. a. 
j 

- _ -  
at + 'j 8~ Dt 

gradient 

REFERENCES 

Anderson, T .  B. and R. Jackson, "Fluid Mechanical Description of Fluidized 
Beds. Equations of Motion", Ind. Eng. Chem. Fundam., - 6 ( 4 1 ,  527-639 
(1967). 

Assens, G. E . ,  Two-phase, Three Dimensional Simulation of  Geothermal Reservoirs: 
Program SHAFT. Lawrence Berkeley Laboratory, to be issued late 1976.  

Assens, G. E . ,  Derivation of the Equations Describing Heat, Mass and Momentum 
Transfer in a Geothermal Brine Reservoir, Lawrence Berkeley Laboratory, 
report to be issued early 1977. 

-283- 



Bear, J., Dynamics of Fluids in Porous Media, Elsevier, New York (1972). 

Blake, T. R .  and S .  K. Garg, ''On the Species Transport Equation for Flow i n  
Porous Media", Water Resources Research, - -  1 2  ( 4 ) ,  748-750 (August lY7h). 

Combarnous, M. and S. Bories, "Mod6lisation de la convection naturelle au 
sein d'une Coucheporeuse horizontale 'a l'aide d'un coefficient de 
transfer solide-fluide", lnt. J. Heat Mass Transfer, - 17, 505-515 
(1974). 

Faust, C. R . ,  Numerical Simulation of  Fluid Flow and Energy Transport i n  
Liquid- and Vapor-Dominated Hydrothermal Systems, Ph.D. Thesis, 
PennsylvaniaState University, Department of Geosciences (1976). 

Gray, W. G., "A Derivation of the Equations for Multiphase Transport", 
Chem. Eng. Sci., - 30, 229-233 (1975). 

Grav. W. G. and K. O'Neill, ''On the General Equations f o r  Flow in Porous , -  
Media and their Reduction to Darcy's Law". Water Kesources Research, 
- 12 ( Z ) ,  148-154 (April 1976). 

Helgeson, H. C. and D. H. Kirkham, "Theoretical Prediction of  the Thermodynamic 
Behavior of Aqueous Electrolytes a t  High Pressures and Ternperaturcs: I .  
Summary of the Thermodyanmic/Electrostatic Properties of the Solvent", 
Am. J. Sci., - 274, pp. 1089-1198 (December 1974). 

Lasseter, T. J . ,  P. A. Witherspoon and M. J .  Lippmann, "The Numerical Simulation 
of  Heat and Mass Transfer in Multidimensional Two-Phase Geothermal 
Reservoirs", Proceedines. Second U .  N. Svmposium on the 1)evelopment and 
Use of Geothermal Resources, San Francisco, May 20-29, 1975. 

Neuman, S .  P., "l'hcoretical Derivation of Darcy's Law", 
Acta Mechanica, in press (1976). 

Pritchett, J. W., Private communcation (1975). 

Slattery, J. D., Momentum, Energy and Mass Transfer, McGraw Hill, New York, 
479 pp. (1972). 

Whitaker, S., "Advances in Theory of Fluid Motion in Porous Media", J. Ind.  
Eng. Chem., - 61 (12), 14-28, (1969). 

Whitaker, S., "The Transport Equations for Multiphase Systems", Chem. Eng. 
Sci., 28, 139-147, (1973). - -  

Witherspoon, P. A . ,  S. P. Neuman, M. L. Sorey and M. J .  Lippmann, 'tBlodelir~g 
Geothermal Systems", paper presented at the International Meeting on 
Geothermal Phenomena and their Applications, Academia Nazionale dei 
Lincei, Rome, Italy, March 3-5, 1975. 

Wukalovitch, M. P., Thermodynamic Properties o f  Water and Steam, 6th Edition, 
State Publishing-House of Scientific-Technical Literature, Moscow, 1958; 
also published by riationally-owned Publishing House "Vet) Verlag 'I'cchnik;' 
Berlin, 1958. 

-284- 



APPENDIX A 

The basic assumptions 

G1 
G2 
G3 

G4 
GS 
G 6  

H 1  

H 2  

H3 

H4 

HS 

ti6 

H7 

118 

H9 

H10 

Continuum approximation 
Negliglbe thermodynamic fluctuations 
Laminar flow regime 
One component fluid 
d << II (< II << L 
Good behavior of  the variables 

e 

The average of  the product of two o r  more deviations 
of variables not strongly dependent on velocity i s  

negligible compared to the product of the averages 
of these variables 
incompressible, non reacting solid 
low correlation between density and velocity 
indeformable solid matrix 
negligible inertia 
rigid gas-liquid interface with no slip 
negligible viscous dissipation 
negligible capillarity 
temperature equilibrium between both fluid phases 
solid-fluid temperature equilibrium (optional) 
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APPENDIX 8 

Order of  magnitude analysis of the pressure-work .term 

Consider an homogeneous, isotropic, isothermal reservoir with uniform 

thickness, partitioned into a set of  toric elements centered on a fully 

penetrating well produced at a constant rate -M . 
e 

Let the heat convection term (CNV) be the reference with which the magnitude 

of the pressure-work term (PWK) is to be evaluated. 

Case 1 

First consider the element immediately surrounding the well and assunie 

that the fluid is one-phase throughout: 
e 

e * -  e- 
CNVe = M<e> - M e Similarly: CNVh rv Mh 

C 

Thus : 
!G PWKh - c - - -  whereas h - CNVh - -  e PWK, 

e - CNV, 
- c --c1 - -  

Ph Pe 

Let us compare both coupling ratios c e and c h 

-286- 



In most cases the element closest to the well i-s suf. iciently narrow for 

the pressure drop across it to be a small fraction of  the average pressure; 

whence c may be expected to be at least one order of  magnitude smaller than h 
c :  e 

h -1 

e 

C 

C 
- - 10 

Let us further 

saturated cond 

T =  

- 
pL - 
e =  L 

- 
hL - 

Then : 

particularize our analysis and consider the following "typical" 

tions (see e.g. Wukalovitch, 1958): 

6 2  293.6 "C p = 80 atm (7.9 10 N/m ) 

725 kg/m3 pG = 41.6 k€!/m3 
6 

6 
e = 2.57 10 J/hg 

= 2 . 7 6  10 J/kg 
G 

1.30 l o 6  J/kg 

1.31 lo6 J/kg hG 

( . 8  IO-* f o r  steam 
c -  

[ 7 .  l o -*  for  liquid water e 

and c is at least one order of magnitude smaller. h 

Case 2: 

Then consider any element away from the well and assume that the fluid 

is one-phase throughout: 

1 
I liner 

M 
<E. PWK p <v.>n.dA + e 

- ['inner 
J J  
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* e -  
- e  ) MAe CNV, = M(eoUter i n n e r  

* -  
CNVh = MAh 

Thus : 

h 1 A 6  C 

C 
- cy-- 

e BP & 
where B i  - 1 f o r  steam c o n s i d e r e d  a s  a p e r f e c t  g a s  and ( s e e  e . g .  Helgeson 

and Kirkham, 1974) :  

-4 2 6 2 3 6; - (3.10 m/N)(7.9 10 N / m  ) = 2 . 1 0  f o r  l i q u i d  water 

- 1  Assuming a p i e z o m e t r i c  g r a d i e n t  of 10 

y i e l d s  t h e  f o l l o w i n g  approximate  f i g u r e s :  

and an  element  wid th  R e of 100 mctcrs 

4 2 A i  7 .  10 N / m  

- 2800 J / k g  A i L  IT - 180 J/kg AeG 

AhL = + 80 J / k g  A i G  + 3800 J / k g  

Then, f o r  l i q u i d  w a t e r :  

f o r  s team: 

e 
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Case 3 :  

Finally, once again consider any element away from the well but assume 

that complete flashing (or  condensation) occurs within it; given the asslimp- 

tion of isothermal process, the vapor zone lies closest to the well: 

0 -  0 
CNV, - FI (ec - eL) CNVh - M (hC - hL) 

Thus : 

Summary 
C Case number e 'h 

liquid water 10-1 
1 

steam 

liquid water lo3 1 
2 

steam 1 1 
I 1 

Table 1 

Under steady-state conditions: 

i )  equation (43h) involves a lesser amount of coupling than does 

equation (43e). 

the pressure-work term cannot be safely neglected. ii) 
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