
A HELE-SHAW MODEL OF HEAT CONVECTION I N  POROUS M E D I A  
UNDER GEOTHERMAL C O N D I T I O N S  

H. W. Shen 
Department o f  C i v i  1 Engineering 

Colorado Sta te  U n i v e r s i t y  
F o r t  C o l l i n s ,  Colorado 

Evidence from New Zealand ind i ca tes  t h a t  geothermal fiaelds occur a t  
reasonably regu lar  i n t e r v a l s  o f  about 15 k i  lometers apart.  I nves t i ga to rs  
have speculated t h a t  these regu lar  i n t e r v a l s  may be ind i ca t i ons  o f  the scale 
of the heat convection c e l l s .  

Wooding (1975) has described the f o u r  we1 1-known approaches t o  
so lve  the equations of c o n t i n u i t y ,  motion and heat t ranspor t  f o r  heat con- 
vec t ion  i n  porous media. Unfor tunate ly ,  t o  date, none o f  t h e w  methods has 
provided so lu t i ons  f o r  a i l  geothermal cond i t i ons  w i t h  a Rayleigh number up 
t o  the order  o f  1000 and a l s o  al lowed the v i s c o s i t y  t o  vary.  
the pe rmeab i l i t y  i s  i n  the order o f  3 x 10-11 cm2, the change o f  dens i ty  Ap 
i s  0.2 gm/cm3, the length  sca le  L 
p i s  0.001 t o  0.01 po ise  (dependin on the  temperature o f  the f l u i d )  and the 

be from 100- 1000. 

I n  New Zealand, 

i s  about 5 x 105 cm, the dynamic v i s c o s i t y  

thermal d i f f u s i v i t y  k i s  0.003 cm 9 /sec. The range o f  Rayleigh number would 

The Stuart-Watson method has been app l ied  t o  small v i s c o s i t y  change 
the c r i t i c a l  value f o r  neu t ra l  s t a b i l i t y ) .  

The Galerk in  method 
and low Rayleigh number ( R  * Rc  
For  h igh  Rayleigh number the  method i s  n o t  app l icab le .  
has been app l i ed  t o  two-dimensional constant v i s c o s i t y  cases. The v a r i a -  
t i o n a l  method has been app l i ed  t o  three-dimensional constant v i s c o s i t y  cases 
w i t h  R - 500. The methods of numerical s o l u t i o n  have been app l ied  t o  both 
constant and v a r i a b l e  v i s c o s i t y  cases. Due t o  the great  cos t  invo lved i n  
computer so lu t i on ,  a r e l a t i v e l y  l a rge  mesh was used a t  R = 5010. The accur- 
acy o f  these r e s u l t s  i s  questionable. 

Since none o f  these above-mentioned equations can prov ide so lu t i ons  
f o r  v a r i a b l e  v i s c o s i t y  i n  h igh  Rayleigh number regions, phys ica l  models are 
p a r t i c u l a r l y  a t t r a c t i v e  a t  t h i s  stage. I f  p roper l y  designed, phys ica l  models 
should prov ide (1 )  approximate f i n a l  so lu t i ons ;  (2) v e r i f i c a t i o n  of numerical 
and a n a l y t i c a l  so lu t i ons ;  (3)  a s o l u t i o n  obtained from keeping va r iab le -  
v i s c o s i t y  terms i n  the  equat ion versus a s o l u t i o n  obtained froin assuming 
constant v i s c o s i t y  i n  the equation; and (4 )  change o f  s o l u t i o n  forms w i t h  
i ncreased Ray l e  i gh number. 

Analys i s  

Two-dimensional experiments cannot f u  
dimensional s i t u a t i o n  o f  a geothermal region, 
s t r a t e  the in f luence o f  la rge v a r i a t i o n s  o f  v 
convecting plumes o f  ho t  water. 
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l y  represent the three- 
bu t  they are usefu l  t o  demon- 
scosi t y  on the form o f  



For two-dimensional convect ion i n  the (x,z) plane, the usual 
s t ream-f unct  i on representat ion 

gives,  a f t e r  e l i m i n a t i n g  pressure from Darcy's law, 

a a*  a a$ a e  
ax az ax - (a x) + - (a 5) = - 

where 8 i s  a dimensionless f l u i d  densi ty,  and a = (v /k) / (u /k)o  i s  
a dimensionless v i s c o s i t y  parameter. The s u f f i x  o r e fe r s  t o  the lowest 
temperature i n  the system. Typ i ca l l y ,  a w i l l  vary from 1 a t  the co ld  
end o f  the range t o  about 0.1 a t  the ho t  end--an order-of-magnitude change. 

A f u r t h e r  equat ion descr ibes heat o r  mass t ranspor t  

where 

i s  the Rayleigh number. Also, i n  ( 3 )  -r i s  a dimensionless t ime 
def i ned by 

(3 )  

(4) 

The parameters i n  (4) and (5)  are  defined i n  terms o f  the problem 
under study. ko is the permeab i l i t y  o f  the medium, g i s  g r a v i t y ,  Ap i s  
the dens i t y  d i f f e rence  between h o t  and cold,  uo is  the v i s c o s i t y  o f  the co ld  
f l u i d ,  K i s  the d i f f u s i v i t y  o f  the dens i t y - con t ro l l i ng  property,  and L i s  
a length  sca le- - t yp i ca l l y  the depth i n  the case o f  a satura ted porous layer  
i n  which convection i s  tak ing  place, i s  the r a t i o  
of the heat capac i ty  o f  the medium t o  t h a t  o f  the f l u i d .  The s u f f i x  s r e fe r s  
t o  the medium. 

E = ((1-n) csps + ncp)/cp 

Two-dimensional systems governed by the above equations may be 
solved, f o r  example, by phys ica l  model l ing o r  by computer methods. 

Descr i o t  i on o f  He le-Shaw Mode 1 

A t y p i c a l  phys ica l  model o f  two-dimensional convection i s  shown i n  
F ig .  1 below. A Hele-Shaw c e l l  i s  formed from two s t r i p s  o f  1/4-inch t h i c k  
po l i shed  p l a t e  glass,  separated by s t r i p s  of waterproof  adhesive tape. I n  
the example shown, a c a v i t y  20 cm x 1 cm is formed i n  the (x,z) plane. The 
th ickness o f  the c a v i t y  i s  very small so t h a t  a slow viscous f l o w  occurs 
between the p la tes .  
two-dimensional f l ow i n  a porous medium o f  pe rmeab i l i t y  
d i s  the p l a t e  spacing. 

The f l o w  averaged between the p la tes  i s  analogous t o  
k = d2/12 cm2, where 
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Figure 1 .  P l a n  View o f  Hele-Shaw Cell  

The c e l l  i s  mounted w i t h  the x-axis ho r i zon ta l ,  and w i t h  the z-axis 
a t  an angle a 
g s i n  a .  This i s  usefu l  f o r  ad jus t ing  the Rayleigh number R t o  a 
des i red value. 

t o  the ho r i zon ta l  so t ha t  the e f f e c t i v e  g r a v i t y  component i s  

I n  the case shown, the c e l l  i s  f i l l e d  w i t h  a f l u i d  o f  dens i ty  
and v i s c o s i t y  (say) which represents a geothermally heated f l u i d .  The 
c e l l  i s  immersed i n  a t ransparent tank f i l l e d  w i t h  f l u i d  o f  dens i ty  
and v i s c o s i t y  u0, represent ing co ld  groundwater. 

p 1  

po  

Since the w id th  o f  the c e l l  i s  very la rge  compared w i t h  L, the 
s idewal l  boundary cond i t i ons  w i l l  be ignored. The f o l l ow ing  i n i t i a l  and 

W 

W = E  

where w i s  v e r t i c a  

w =  

- 
boundary cond i t i ons  are taken t o  apply: 

= o , e = o  ( t = o ,  O < Z < l )  

x) 9 e = 1  ( t = O ,  z = 1 >  

- -  

ve loc i t y ,  ~ ( x )  i s  a small  no ise signa 

ae 
az 0, - =  0 ( t  > 0, 2 = 0) 

( i n s u l a t i n g  impermeable boundary cond i t i on )  

aw 
- =  0 , e - 1  ( t > o ,  z = i )  az 

(constant  pressure, constant dens i ty ,  boundary cond i t i on ) .  
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These cond i t i ons  cou ld  correspond t o  a geothermal f i e l d  s i t u a t i o n  
where a per iod  o f  v o l c a n i c i t y  has i n j e c t e d  a la rge  amount o f  heat, i n  the 
form o f  magmatic steam, i n t o  a deep groundwater aqu i f e r ,  so t h a t  the whole 
a q u i f e r  i s  i n i t i a l l y  very hot .  
c o l d  surface water in t rudes from above, d i sp lac ing  the ho t  water which 
appears a t  geothe m a  1 a reas. 

A f t e r  the v o l c a n i c i t y  has qu ie ted down, 

The experiment i s  aimed 

(1) To model the deep groundwater motion ( a t  l eas t  i n  two dimensions) 
which i s  no t  access ib le  t o  geophysical observat ion a t  the 
present time, 

(2)  To prov ide an experimental r e l a t i onsh ip  between the heat f l u x  
ou t  o f  the region (expressed as the Nussel t  number) and the 
Rayleigh number. 

I t  i s  necessary t h a t  the f l u i d  i n i t i a l l y  i n  the c e l l  be marked w i t h  
a dye so t h a t  convect ive motions may be photographed and studied.  
co lored f l u i d  can a l so  be used f o r  photometr ic work-- to determine how much 
o f a t h e  i n i t i a l  f l u i d  has been d isp laced from the  c e l l  and so a r r i v e  a t  e s t i -  
mates f o r  the Nussel t  number, a t  var ious values o f  the Rayleigh number. 

This 

F i e l d  values o f  parameters based upon measurements i n  the Taupo 
Volcanic Zone, p a r t i c u l a r l y  Wai rake i  geothermal f i e l d ,  g i ve  the f o l l ow ing  
approximate resu l t s :  

Permeabi l i ty  k ( v e r t i c a l )  = 3 x 10- l '  cm2 

Density d i f fe rence  Ap = 0.2 gm/cm3 

V e r t i c a l  sca le  L = 5 K m  

Cold water v i s c o s i t y  po = 10-2 po ise 

Thermal d i f f u s i v i  t y  K = 3 x 10-3 cm2/sec 

R =  * 
kgApL - 3 x x 103 x 0.2 x 5 x l o 5  = 

Po IC 10-2 3 10-3 

, and For  the t ime constant based upon co ld  water v i s cos i t y ,  E = 1 

--I ELL 1 Q 1 2  seconds o r  roughly 30,000 years. However, s ince the ho t  water R K  
v i s c o s i t y  p l  9 0.1 po, the Rayleigh number based on t h i s  value would be 
roughly 1000, and the t i m e  constant would be reduced t o  the order o f  3000 
years. It seems l i k e l y  t h a t  the f l o w  pa t t e rn  would e x h i b i t  some p roper t ies  
o f  both  h igh  and low Rayleigh number. 

I n  two recent experimental runs using sucrose so lu t ions  i n  the 
Hele-Shaw c e l l ,  the parameters were approximately as fo l l ows :  
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Run No. 3 

1 cm 

2.63 x cm2 

1.28 gm/cm3 

0.5 po ise  

1.16 gm/cm3 

0.05 po ise 

10 

0.3 x loa5 cm2/sec 

0.12 gm/cm3 

6 O . 5  

250 

1 

0.37 hour 

74 

Run No. 4 

1 cm 

2.63 x l om5  cm2 

1.28 gm/cm3 

0.5 poise 

1.225 gm/cm3 

0.167 poise 

3 

0.3 x loT5 cm2/sec 

0.055 gm/cm3 

3".5 

50 

1 

1.5 hours 

49 

The second- last e n t r i e s  i n  t h i s  tab le  are the cold-water time scales, 
w h i l e  the f i n a l  e n t r i e s ,  
t ime achieved exper imenta l ly .  

T(max), are the maximum values o f  dimensionless 

I t  i s  i n t e r e s t i n g  t o  note  t h a t  T = 50 corresponds t o  an elapsed 
t ime of 1.5 m i l l i o n  years on the pro to type cold-water time scale, o r  
150,000 years on the hot-water t ime scale. 
est imated l i f e  of the geothermal a c t i v i t y  i n  the Taupo Volcan'ic Zone. I t  
follows t ha t  the hypothesis of a phase o f  i n i t i a l  volcanism i r  not  contra-  
d i c t e d  by experiment, which shows t h a t  plumes o f  ho t  water art: s t i l l  present 
a t  T = 50. 

These f i gu res  bracket the 

As a supplement t o  Run No. 4, a t  R = 50 and pO/pl = 3, a computer 
run was made using a program which solves the convection equations by 
f i n i t e - d i f f e r e n c e  methods. 
O 'Su l l i van ,  o f  the Un i ve r s i t y  of Auckland, bu t  has been mod i f i ed  t o  inc lude 
a modest v a r i a t i o n  of v i s c o s i t y  and a l so  t o  compute t ranspor t  o f  d isso lved 
s a l t .  The development of convect ive plumes i n  the computer rim, f o r  con- 
vect ion i n  a rec tang le  o f  w id th :he ight  r a t i o  4, i s  q u a l i t a t i v e l y  s i m i l a r  t o  
t ha t  observed i n  the phys ica l  model. However, there has no t  been time t o  
make de ta i l ed  comparisons, espec ia l l y  of Nussel t  numbers. 

This program i s  due p r i n c i p a l l y  t o  D r .  M. J. 
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The e n t i r e  study i s  based on the assumption o f  homogeneous geo- 
l o g i c a l  cond i t i ons  which i s  normal ly n o t  va l i d .  By varying the s i z e  of 
the gap between the p l a t e s  and by p l ac i ng  sources and s inks i n  the flow, 
d i f f e r e n t  geo log ica l  cond i t i ons  may be simulated. Th is  is planned f o r  
f u t u r e  studies.  

Acknowledgment 

This model was suggested t o  the author by D r .  Robin Wooding, and 
we are j o i n t l y  conducting t h i s  research p ro j ec t .  

Reference 

Wooding, R. A., 1975. Methods o f  s o l u t i o n  o f  the equations f o r  convection 
i n  porous media, w i t h  geothermal app l i ca t ions .  Presented a t  the Stanford  
Workshop on Geothermal Reservoir  Engineering and We1 1 St imula t ion,  
Stanford,  Ca l i f o rn i a ,  Dec. 15-17. 

-218- 


