3

6

7

9

10

12

13

14

16

17

18

19

20

21

22

23

24

25

26

27

Dynamic Rupture and Earthquake Sequence Simulations

Using the Wave Equation in Second-Order Form

Kenneth Duru® ¢, Kali L. Allison™¢, Maxime Rivet?, and Eric M. Dunham"4

*Department of Earth and Environmental Sciences, Munich University,

Munich, Germany

bDepartment of Geophysics, Stanford University, Stanford, California, USA
“present affiliation: Department of Geology, University of Maryland, College

Park, Maryland, USA

dInstitute for Computational and Mathematical Engineering, Stanford

University, Stanford, California, USA

“present affiliation: Mathematical Sciences Institute, Australian National

University, Canberra, Australia

June 10, 2019

Abstract

We present a numerical method for simulating both single-event dynamic ruptures
and earthquake sequences with full inertial effects in antiplane shear with rate-and-
state fault friction. We use the second-order form of the wave equation, expressed in
terms of displacements, discretized with high-order-accurate finite difference operators
in space. Advantages of this method over other methods include reduced computational
memory usage and reduced spurious high frequency oscillations. Our method handles
complex geometries, such as nonplanar fault interfaces and free surface topography.
Boundary conditions are imposed weakly using penalties. We prove time stability by
constructing discrete energy estimates. We present numerical experiments demonstrat-
ing the stability and convergence of the method, and showcasing applications of the
method, including the transition in rupture style from crack-like ruptures to slip pulses
for strongly rate-weakening friction and the simulation of earthquake sequences in a
viscoelastic solid with a fully dynamic coseismic phase.

keywords: Friction, Seismic cycle, Wave propagation, Numerical modelling, Numerical
approximations and analysis, Earthquake dynamics
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1 Introduction

Computer simulations of earthquake rupture propagation and event sequences are now widely
used to understand controls on rupture behavior, ground motion, and how interactions be-
tween aseismic slip and off-fault viscous flow at depth load the seismogenic zone to create
earthquakes. Traditionally, earthquake simulations have focused on single rupture events,
accounting for inertial effects like seismic waves but often starting from ad hoc or ideal-
ized initial conditions with artificial initiation procedures (e.g., Day, 1982; Dunham et al.,
2011; Kozdon et al., 2012; Shi and Day, 2013; Douilly et al., 2015; Andrews and Ma, 2016).
Simulations have also focused on sequences of earthquakes, accounting for aseismic slip and
nucleation but neglecting or approximating inertia during the coseismic phase (e.g., Rice,
1993; Ben-Zion and Rice, 1995; Kato, 2002; Ziv and Cochard, 2006; Segall and Bradley, 2012;
Erickson and Dunham, 2014; Allison and Dunham, 2018). Only a few simulation methods
combine event sequence modeling with fully dynamic ruptures (e.g. Lapusta et al., 2000;
Lapusta and Liu, 2009; Noda and Lapusta, 2010; Barbot et al., 2012).

The computational challenge with fully dynamic sequence simulations is finding a method
that provides relatively seamless transitions between the coseismic phase, where inertia is
important, and other phases, in which the material response is effectively quasi-static. The
numerical method should ideally be written in a way that inertia can be disabled by elim-
inating the density times acceleration term in the momentum balance. Not all methods
have this property. For example, the first-order form of the wave equation (i.e., written as
a first-order hyperbolic system of equations) is widely used for wave propagation studies
(e.g., Marfurt, 1984; Virieux, 1986; Saenger et al., 2000; Zingg, 2000; Kozdon et al., 2012),
partly due to the maturity of numerical methods for first-order systems. This formulation
utilizes the time derivative of Hooke’s law, rather than Hooke’s law directly, and therefore
the quasi-static limit of the governing equations is still time dependent. In contrast, inertia
can be eliminated from the second-order form of the wave equation (i.e., written in terms of
displacements) to yield the static elasticity equation.

Both finite difference and finite element methods can be used to solve the second-order
form of the wave equation. For finite difference methods, there are additional benefits to
the use of the second-order form. It reduces spurious high frequency oscillations which can
occur when using standard central difference schemes for first-order systems on unstaggered
grids (these oscillations are greatly reduced on staggered grids). Relative to the first-order
unstaggered formulation, the second-order formulation also requires fewer grid points to
achieve the same accuracy, and requires less computational memory. For a more thorough
discussion of the advantages of second-order form, see Kreiss et al. (2002).

Finite differences are typically limited to second-order accuracy due to difficulties in
selecting the difference stencil near boundaries and enforcing boundary conditions. These
difficulties are particularly challenging for earthquake modeling, where the fault interface con-
ditions involve nonlinear relations between tractions and discontinuities in displacement or
particle velocities. In this work, we utilize specially designed difference operators and bound-
ary/interface condition enforcement known, respectively, as summation-by-parts (SBP) op-
erators Mattsson (2011) and the simultaneous approximation term (SAT) penalty method.
With SBP-SAT, the generalization to high-order accuracy, even near boundaries and inter-
faces, is straightforward (Duru et al., 2014; Duru and Virta, 2014). High-order-accurate
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SBP-SAT finite difference methods have been applied to earthquake modeling, but thus far
only in the context of the first-order velocity-stress formulation of the wave equation (Kozdon
et al., 2012, 2013) or the static elasticity problem (Allison and Dunham, 2018; Erickson and
Day, 2016). Here we extend this approach to the second-order form of the wave equation.

We use a high-order-accurate SBP finite difference scheme for the wave equation. High-
order finite difference methods are well-suited for wave propagation problems, in part because
they can be designed to produce a diagonal mass matrix, and because of their low dispersion
errors (Kreiss and Oliger, 1972). The advantage of SBP methods is that the discretization
can be designed to mimic the energy balance of the continuous problem, producing a dis-
cretization that can be proven to be strictly stable (Duru et al., 2014; Duru and Virta, 2014).
This allows the discretization scheme to be used for systems that do not allow growth in
time, a feature which is important for earthquake simulations, especially in the context of
earthquake sequences, which require the simulation to be run over a long time frame.

The second-order form of elastic wave equation in curvilinear coordinates is presented
in Appel6 and Petersson (2009) with second-order accuracy, and extended to fourth-order
accuracy in Sjogreen and Petersson (2011). Methods for handling a variety of boundary
conditions, including traction and Dirichlet conditions, and internal interfaces, are presented
in Duru et al. (2014) and Duru and Virta (2014). The primary contribution of this paper
is to develop the scheme for friction laws, which are interface conditions with nonlinear
dependence on the slip velocity, history of sliding, and tractions acting on the fault.

In the rest of this paper, we first describe the governing equations for the continuous prob-
lem and derive the energy balance equation. We then develop the discretization and prove
stability. Finally, we present numerical experiments verifying the accuracy and convergence
of the method and demonstrating some of its capabilities.

2 Continuous Analysis

In this section, we present and analyze the continuous model in Cartesian and curvilinear co-
ordinates. We derive the energy balance for friction laws, encapsulated in the rate-and-state
framework, in prestressed elastic solids. We end this section by discussing and prescribing
necessary and sufficient conditions required for the well-posedness of state evolution laws.

2.1 Cartesian Coordinates

Consider the antiplane shear problem with the displacement field u = (0,0, u) and du/0z =
0, where p, pu are the density and shear modulus. Let the spatial domain consist of two
elastic blocks 2 = Q_ U Q. separated by a fault at x = = (y), that is

Q= (—00,7] X (—00,00) and £, =[T,00) X (—00,00). (1)

This is illustrated in Figure 1, and corresponds to strike-slip fault which extends infinitely
along strike. The fault is defined by the arbitrarily oriented smooth curve z = z (y) separat-
ing the two elastic media. If the fault is planar then we consider T = z(, where z; is a real
constant. Fields and material properties on the positive side of the fault, x > =, are denoted
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with a superscript +, (u™, ut, p™), and on the negative side of the fault, 2 < z, denoted with

a superscript —, (u=, =, p~). The shear wave speed is ¢t = \/u*/p*.
We consider linear elastic deformations about an equilibrium, prestressed reference con-

figuration. The initial stress tensor is

0 0 0
0 Oz a:cy Oz

=0 __ 0 0 0
g = Ugy O'%y U%z
Oz gyz 02z

With the direction of slip parallel to the z-axis, the momentum balance equation in each
half-space is
Pu 00y,

doy,
Parr = ox

oy’

(2)
with Hooke’s law

0 ou 0 ou
Opr =0,, + i—, 0y, =0, + —.
How Y Y 'u(‘?y

(3)

The above equations are combined to obtain the scalar wave equation with a time invariant

source term,
Pu 0 [ Ou 0 ( Ou
— = | u= — | pu— F . 4
PoE = B (Max) 5 (“ay) + F(z,y) (4)

where . 90
Jo o

F — xz Yz = 0

(z,y) s o :

the latter equality following from equilibrium of the prestressed reference state. On the fault,

the tractions 7% = T5 + AT*, slip [u], and slip velocity V are defined by
ou* Ju]

+ ot - ) ~
— lu| =u" —u, Vi=—/—— x=nr1, 5)
el T (5)

where TOjE are the background tractions (i.e., prestress resolved on the fault, as explained

in more detail in the next section) and AT* are the evolving changes in fault tractions
associated with the displacement field. Here, 9/0n* is the normal derivative on the fault,

and n =n~ = —n™, having T, = —T," = Ty. On a planar fault, z = g, we have n = (1,0)7

and the normal derivative is 9/0n = 9/0z.

AT* = Fpu

2.2 Curvilinear Coordinates and Transformation

For nonplanar fault geometries it is necessary to transform the equation of motion Eq. (4) to
a coordinate system [g, ] € [0, 1]* so that numerical treatments can be performed efficiently.
We define the transformation by (x(q,7),y(q,7)) < (¢(z,y),r(x,y)), such that the new
coordinates form a regular Cartesian grid. We choose our coordinate transformations such
that the fault is located at ¢ = 0. See Figure 1 for a schematic description.
The transformed equation of motion is

du 0 [~0u ~0u 0 ([ ~0u
=—|A—+C—)+—|B=—+

8q< dq 8T> 87"( or
4

~ Ou

C a_q) F(q,r). (6)

Poe ~
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(z(g,7),y(q,7)) (q(z,y),r(z,y))

Figure 1: Diagram of the domain in curvilinear coordinates (left) and on a regular Cartesian
grid (right). The fault is shown in red.

where

~ 0 9,
F(Qa T) - JF(ZCJ,/) - 3 (‘](q»”vo—gz + ang(/)z)) + 5 (‘](rﬂﬁo—gz + TyUO )) O

dq or vz

The Jacobian of the transformation is J = z,y, — z,y, > 0, and the metric relations are
J@=yr, Jg=—x,, Jry=—y, Jry=2x, (7)

Here, the subscripts denote partial metric derivatives, that is z, = 0x/0q, q. = 0q/0x, etc.
The transformed variable material properties are

p=Jp, A=J(C+a¢)n, B=J@i+r)pn C=J(@r+qry)p (8)
Since the fault is at ¢ = 0, the normal vector to the fault, pointing into the positive block
Q+, 18

1 o
n=—m— (), 9
Vit a; <q24> )

and the resolved background shear traction and traction change on the fault take the form

~0u  ~0
To = ngoy, + nyoo,, AT “y C’—u) :

1
AT = ——— (A%
v waig(aq or

(10)
Thus, we have

1 ~0u ~0u
T ="1T; AN =——— ] 2 2T A—+(C— .
0 JME?E<V%+%°+<6M+ w>)

We will now formulate the frictional interface conditions coupling the two elastic solids on
the fault.
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2.3 Energy Balance with Friction

The interface conditions are force balance and the friction law

v
AT =-ATT=AT, T:= Ty+AT = JOWV, (11)
with f(0,1) =0 and 9f (V) /OV > 0. Here, oy > 0 is the compressive normal stress, Tj
is the initial shear traction resolved on the fault, f (|V], %) is the friction coefficient, V' is the
slip-rate, and ¢ is the state variable. Note that
F(V],v)

e T (12)

Throughout this study, we consider formulations in which the state variable 1 is non-
dimensional and is governed by the generic state evolution equation

E=gvie). (13)

Note that Eq. (13) is an ordinary differential equation (ODE) for state ¢. In general
f(|V],¢) and ¢ (|V|,) are empirical expressions obtained from laboratory experiments (Di-
eterich, 1979; Rice and Ruina, 1983; Ruina, 1983). The friction law is constructed such that
energy is dissipated on the fault.

To be precise, let the transformed strain energy matrix P be denoted by

P=5STus, S= (‘-’z ”) . (14)

Qy Ty
Since p is real and positive, it follows from (14) that P is symmetric positive definite, with
Z—ZTP 8—;‘ 8u+ ou 2+ 8u+ ou\? ou 2+ ou\?
= AN Te o a Ty —~— - - e .
g—;‘ % pAY dq or Ty dq Yor a ox dy
(15)

Now, introduce the kinetic energy density

p [ Ou 2

and the strain energy density

1 /ou\T  ou ou\T /0
v-ves (8) #(8)+ (8) 5 (5). .
ar ar or vz

where Uj is an arbitrary reference energy and the next two terms represent the work, per
unit volume, done against the stress changes and the prestress, respectively, by deformation

of the solid. The above definition coincides with standard expressions in mechanics (Kostrov,
1974; Rudnicki and Freund, 1981).
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It is desirable for the analysis to follow that U, or at least the portion of U for which
dU/dt # 0, be of quadratic form. For numerical analysis, the quadratic form can be used
to define (discrete) energy-norms, so that numerical stability and convergence can be easily
proven. To this end, we make the specific choice of Uy = [(07.)*+ (09.)?]/(21), and it follows
that

1 Ju T Qu Qu 4 T O'O 1 0 \2 0 \2
3 Q) (B (D) e

ar or or Yz

(Y (00N LB e L e
=5 <(8x) + (83/) > +U“8x —i—ayzay + o ((Jm) + (Jyz) ) (18)

-1 %+02+ @+02>0
_2//J Iuailf axz :uay Jyz :

The elastic energy is defined by

E:/Ol/ol(K+U)qudr>O. (19)

Theorem 1. Consider the wave equation Eq. (6) with the interface condition Eq. (11). Let
E* denote the elastic energy of the positive block Qt and E~ denote the elastic energy of the
negative block Q0~. The sum of the elastic energies satisfies

SE Q) =~ [ Wl (Vi) (1Eg)_an w0

Proof. We use the energy method, that is, we multiply Eq. (6) with du/0t, add the transpose
of the product and integrate over the whole domain. Integration by parts, and considering
boundary contributions from the fault only (while ignoring other boundaries) gives

dE~ (t) L ou~ dE* (t) L out
= | Ser(sje+a) —— [ ST (rfe+ae)
dt A ) s o PUVaeta) dr
(21)
where we have utilized the fact that U, /0t = 0 and F'*(q,7) = 0. Adding the contribution

from both sides of the fault and enforcing the interface condition Eq. (11) completes the
proof. Il

Noting that (J N qf/)qzo dr is the arclength along the fault, the above energy balance
states that energy in the solid is dissipated during frictional sliding on the fault.

If the slip-rate vanishes, V' = 0, then the right-hand side of the energy rate in Eq. (20)
also vanishes: d (E=(¢) + E*(¢)) /dt = 0. When, V' # 0, and f (|]V|,%) > 0, then the elastic
energy is dissipated.

Note that in Eq. (20), if f(]V],%) > 0 then the elastic energy is dissipated for all ¢, but,
the energy equation Eq. (20) does not provide any bound on v. Therefore, in order for the
energy equation Eq. (20) to be well defined the state evolution equation Eq. (13) must have
precisely one solution for each V' € R and initial condition. Next, we will prescribe necessary
and sufficient conditions required for the well-posedness of the state evolution law Eq. (13).
This will be useful in designing a convergent high-order-accurate scheme.

7
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2.4 Admissible State Evolution Laws

Natural earthquakes arise from frictional instabilities during sliding along fault surfaces.
Therefore, state evolution equations modeling an earthquake must allow for physically un-
stable solutions. However, in order for the model to be useful it must be well-posed.

In Eq. (20), if f(|V],%) > 0 then the slip-rate V is bounded for all ¢. Consider now
the state evolution equation Eq. (13). The function g (|V],%) is Lipschitz continuous in 1,
if |g(|V|,¥1) —g(|V],%2) | < L|tpy — 19| with the Lipschitz constant L > 0. If g (|V], ) is
differentiable then L = max |dg(|V|,£)/0¢| is a Lipschitz constant.

We will now state a fundamental result which can be found in standard textbooks on
ordinary differential equations, see for instance Birkhoff and Rota (1989) and Dahlquist
(2010).

Theorem 2. If g(|V|,v) satisfies a Lipschitz condition in the whole of R then the initial
value problem Eq. (13) has precisely one solution for each V € R and initial condition. The
solution has a continuous first time derivative for all t.

If the Lipschitz condition holds in a subset D of R only, then existence and uniqueness
hold as long as the orbit stays in D.

A typical rate-and-state friction coefficient is (Rice et al., 2001)

f(V|,v¢) = aarcsinh (’2—“//’61"/“> : (22)

0

where the friction parameters a and Vj are real and positive. These parameters will be
described below. Note that f(|V],1) > 0, for all ). Common evolution laws for the state
variable 1) are (Ruina, 1983; Marone, 1998)

1. Aging law: vl
_ o [ ouim l)
aivio =2 (e . (23
2. Slip law:
V
o(V1) = - (1qv1w) - £V (24)

where fss(V) is an arbitrary steady state friction coefficient. Some commonly used forms of
the steady state friction coefficient are the standard expression (e.g. Rice et al., 2001)

mmw:ﬁ—w—wm%ﬁ (25)

and the strongly rate-weakening friction law (Dunham et al., 2011)

B frv — fu o (b—ua nm
fss(IV]) = fu + L (VI fov(V)=fo—(b—a)l v (26)

Here, a is the direct effect parameter, b is evolution effect parameter, 1} is the reference slip
velocity, d. is the state-evolution distance, fy is the steady state friction coefficient at Vj,

8
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V., is the weakening slip-rate, f,, is the fully weakened friction coefficient, and n > 0 is a
positive real number.

For the strongly rate-weakening friction law, we have fs =~ fry if |V| < V,, and fs = f,
if [V] > V,,. The parameter n controls the abruptness of the transition between the two
limits. In the limit n — oo, the original flash-heating model (Rice, 1999; Beeler and Tullis,
2003; Rice, 2006; Beeler et al., 2008) emerges. The onset of strongly rate-weakening behavior
can be kept smooth by choosing finite values of n. As in Dunham et al. (2011), to have a
smooth transition, we choose n = 8. This is necessary for ensuring accurate numerical
treatments.

The state evolution laws Eq. (23)—(24) are differentiable with

Aging law: —39(\8‘2, ¥) = —?e(fo_w/b <0, (27)
Slip la:  29WVLY) VI i <0 (28)
aw 2%dc 1+ %‘VP

for all 1. We remark that the aging law and the slip law are differentiable, and hence satisfy
the admissible conditions for state evolution laws. Note also that a steady state solution v,
satisfying g (|V],¥ss) = 0, is a local attractor in the context of dynamical systems (Birkhoff
and Rota, 1989). This implies that any sufficiently small perturbation 1 (t) = s + 01(¢)
around the steady state 1,5, will asymptotically converge to the steady state, di(t) — 0 and
W(t) = s, as t — 0.

3 Semi-Discrete Approximations and Analysis

Next, we discretize the continuous problem in space. To begin, consider the discretization
of the unit interval € [0, 1] into N, grid points with a uniform spatial step A > 0

ri=0G—-Dh j=1,....,N,, h=1/(N, - 1). (29)

Introduce the one-dimensional finite difference operators D, ~ 9/dr and Df«?) ~ 0/0r <§ 0/ 87‘) :

the finite difference approximations of the first and second derivatives in the unit interval
Eq. (29). We will use fully compatible SBP finite operators (Duru and Virta, 2014) to ap-

proximate all spatial derivatives. Therefore, the finite difference operators D,., fo) satisfy
the following properties:
DT:H_IQv Q+QT:ER+ELa VTHV>Oa (30)

~ ~ N \T ~
DB = g~ Y(~MB) 4 (B + EL)BD,), M® = (M<B>) . VIMBy >0, (31)

N R N N T N
M® = DIHBD, + R®, R® — (R®), v'RPyv >0, (32)

Here, the matrices Fr = diag(0,0,...,0,1) and F; = diag(—1,0,...,0,0) pick out the
right and left boundary terms. The matrix @) is almost skew-symmetric and H is diagonal

9
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with Hj;; = hy) = v;h, 7v; > 0 where h > 0 is the uniform spatial step defined in Eq.
(29). In Eq. (32) above, the higher order term R®) is called the remainder operator.
We use narrow stencil approximations for D,(f), ‘with R® # 0, as opposed to wide stencil
approximations; see also Mattsson (2011). If D,(f) is constructed by applying D, twice, we
will have R(B) = 0, and the operator would correspond to a wide stencil approximation. Wide
stencil approximations allow spurious high frequency (m-mode) oscillations. The narrow
stencil approximation, with R®) # 0, can eliminate the spurious m-mode oscillations without

destroying the accuracy of D{Y). See Duru and Virta (2014) and Duru et al. (2014) for more
details on SBP finite difference operators for second derivatives.

3.1 Semi-Discrete Approximation

We discretize the transformed equation of motion (6) using the SBP operators, defined in
Eq. (30)—(31), and impose the boundary conditions using penalties. To begin, discretize the
unit square with the uniform spatial steps

gi=(i—1hy i=1,...,N, hy=1/(N,—1),
ri=(G—=Dhy, j=1,...,Ny, hp=1/(N,—1).

The two-dimensional semi-discrete solution is stacked, row-wise, as a vector of length N, V.
The 2D spatial operators are D, =~ 0/9q, D, = 0/0r, Dé?) ~ 0/0q <A\8/8q), and D) ~

d/or <§8/ 87“). They can be written in a more compact form using Kronecker products with

the identity matrices, I,, I, and the 1D spatial finite difference operators D,, D, defined in
Eq. (30) such that

D,=I,®D,, D,=D,®I,, H,=I,oH, H,=H®l, H=HoH,
ERT = Iq & ERa ELT = Iq ® ELa ERq = ER X Ir» ELq = EL ® ITa

DY = H,! (—ME/‘) + (B + ELq)/TDq> , DB —H! (—M$B> + (Epy + ELT)BDT) .

The matrices A\, B , 6, denoting the transformed coefficients, are diagonal Eq. (8). Using
these operators and introducing |q| = /42 + g2, the semi-discrete approximation of the
equation of motion Eq. (6) with weak enforcement of the fault/interface condition Eq. (11)
is

d®u” 4 - -~ \'%
0 d; =D u +F — H;lERqJ‘q’ (TO — Uo%‘[d))v> )
33)
d*u* ot e — f(|V|7¢) (
P =D u B - H, "B Jla <T0 —o TV )
dvp
W gVl (34

with
V= (Vi,Va, - V)", = (@1, 00, 08,

10
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defined at every grid point on the fault. Here,

D =D + D + D,CD, + D, €D, ~ H,'E (4D, + CD,), E_=Epn, BE;=Ey,
(35)

and
F* =D, (J(q.00, + q,0).)) + D, (J(r,o, +r,0).)) ~ 0. (36)

Yz
The nonlinear friction law appears in the semi-discrete approximation Eq. (33) as nonlinear
source terms on the fault. R

We have explicitly appended the approximated time invariant source term, F, to the
semi-discrete problem Eq. (33). The source term F will be zero if the background shear
stress is zero. The source term can also vanish if the background shear stress is spatially
uniform and the metric relations Eq. (7) are satisfied exactly by their discrete counterparts.
However, in a general mesh, the source term F is proportional to the truncation error, and
will only vanish in the limit of mesh refinement, if the numerical approximation is consistent.

It is also possible to omit the source term F in Eq. (33). This will not affect accuracy,
since F is independent of the solution, but depends on the truncation error of finite difference
operators, and it vanishes in the limit of mesh refinement. However, as we will see below,
the omission of the source term F in Eq. (33) will have a slight impact on the stability of
the semi-discrete approximation Eq. (33).

3.2 Semi-Discrete Stability

We will now establish the stability of the semi-discrete approximation Eq. (33). To begin,
we introduce

A= (H,®H,)D" = (HTM((fT) +H,M® 4+ D'HCD, + D'H O Dq> RNEYS
Note that A = AT and

T
1 n 1 5
(B2) (5 ) (B) - ot o

g ) )
— Z 23 (((qxiquu)ij + Tyij (DTU)U) + ((Q;xiquu)ij + 1y (Dru)ij> ) Jijhgq)hg- )

(38)

The matrix A is symmetric and positive definite. We introduce the semi-discrete kinetic and
strain energies

1 du”® du

K(t) = Sd (PH) TR

11
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1 T
U(t) = §uTAu+ (qu) s’ (If)‘] I;)J) ( ) + Uy,

where
Z Z l-l' wzz]|2 + |Uyzz]| ) J’L]hgq)hy) (39)
=1 j=1 ij
Note that
Nq Nr 1 2
u(t) = ZZ <(2N“ <Nm (qmj (Dgu);; + rzi5 (Dru) > +o ) )) Jighih;
i=1 j=1 ij
Nll Nr 1 2
+ZZ ((2#' (p,” ( yij (Dgu),; + 1y (D u)ij> +o ) )) Jmh(‘? !
i=1 j=1 ij

Define the semi-discrete quantity
E)=K(t)+ U(), (40)

where the first term on the right-hand side approximates the kinetic energy and the second
term approximates the strain energy. The semi-discrete quantity £ (¢) defined in Eq. (40) is
strictly positive, thus defining a semi-discrete energy.

We have

Theorem 3. Consider the semi-discrete approzimation Eq. (33). The sum of the semi-
discrete energies on both sides of the fault satisfies

Clemretw Zaorv )F (Vi85 (1)) Tl 1A (41)

Proof. We use the discrete energy method, that is, from the left we multiply the first and
second equations in Bq. (33) with (du~/dt)" H and (du®/dt)" H, respectively, add the
transpose of the product. Using the summation-by-parts properties Egs. (30)—(32), and
considering boundary contributions from the fault only (while ignoring other boundaries)
gives

d & duy,(t) d o dufi(t) ;
& )= — =T yjlay by, €7 (1) = =Y — =T njlanlhy” (42)

Jj=1 Jj=1
with

Ty(t) = UOj—f(‘Kd]%)Vj,
J

where we have utilized the fact that dUy/dt = 0. Adding the contributions from both sides
of the fault completes the proof. O
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215 The semi-discrete energy estimate Eq. (41) is analogous to the continuous estimate Eq.

26 (20) in Theorem 1. The semi-discrete energy is dissipated by friction, [E7 () +ET (t)] <

a7 [E7(0) + ET(0)], for all ¢ > 0. However, for physically realistic models (Rice, 1983; Scholz,

28 1998) the derivative of the nonlinear friction coefficient can be extremely large, max |0f (V, ) /OV| —
219 00, preventing the use of standard explicit time-stepping schemes such as Runge-Kutta meth-

20 ods to advance Eq. (33) in time. It is noteworthy that for the velocity-stress formulation, it

21 is possible to circumvent this stiffness difficulty by introducing transformed variables, encod-

22 ing the friction law on the fault (Kozdon et al., 2012). However, the construction of these

23 transformed variables require the solution of a nonlinear algebraic problem.

Remark 1. If we had omitted the vanishing source term F in FEq. (33), we would have the
energy equation

d r
ACVRE G Zao\v F (Vi) (8)) Jovs a1
(43)
_%ZT dul_]]/:f\f_i_ du;;]/_;\wr h(CI)h(T)
i\ odt Y de V)

and

VIEO+ET @] < VIE 0+ & (0)] + \/[(f)T (7~H)F- + (ﬁ+)T (+H) f«ﬂ t.

240 The scheme 1s accurate and stable, but, there is a linear growth in energy. Howewver, the
25 growing term is proportional to the truncation error and will vanish in the limit of mesh
26 Tefinement.

= 4 Fully-Discrete Approximation and Analysis

28 Here, we present the fully discrete numerical approximation. We will begin by discretizing
20 the time variable ¢ > 0, then approximate the time derivatives in Eq. (33) by second-order-
20 accurate finite differences. We will formulate an iterative procedure for solving the nonlinear
an frictional algebraic problem on the fault. We conclude this section by proving stability of
212 the fully discrete approximation.

4.1 Time Discretization

Discretize the time variable ¢ with a uniform time step, t, = nAt, with n = 0,1,.... To
derive an efficient and stable fully discrete numerical approx1mat10n we replace the time
derivatives in Eq. (33) with second-order-accurate centered finite difference approximations,
yielding

U, — 2117: +u,_ )N — (T . f(\Vn’ﬂﬁn)
0

A t =DV u, + F — H,'Eg,J|q|

5+ u' - 2uf +ul
At?

Vn) , (44)

= ’Z/)\(“ﬂu: + f+ — H;lELqJ|q| <T0 — 0y
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234

235

236

237

238

239

where
_ [u]nsr — [ufus
" 2At '
We will evolve Eq. (34) in time with a time-stepping scheme, such that the evolution of the
state variable will not limit further the explicit time-step. The semi-discrete state evolution
equation (34) is discretized in time using the implicit leap-frog scheme, we have

7f’n+1 - ¢n71 =g <|Vn|, ¢n+1 + wnl) )

(46)

2At 2 (47)

4.2 Nonlinear Solver

On the fault, the slip-rate Eq. (46) and the state variable evolution equation Eq. (47)
are discretized implicitly. Therefore, we must solve a nonlinear algebraic problem for slip
velocity and the state variable. To formulate the nonlinear algebraic problem we consider
collocated grid points on the sides of the fault. The dynamics of the the displacement field
is governed by

At? At? F(Val, ¥n))
Uy =2u, —u, 1+ —a, += Jlqlo ’ Vi, 48
At? At? F(Val,¥n))
too=2ul —ut —a, — = J L 49
un-i—l un un—l + p+ an p_i_,_ylhq ’q‘ao |Vn’ ( )
where ]
oF = Drut 4 B 4 Yl

17%q

is evaluated on the fault, and hz(.q) = 7ihg, 7 > 0 are the quadrature weights given by the
SBP operator, with 73 = vy. Note that the slip-rate V,, is unknown, and it depends on the
unknown displacement fields u,,,, and u;/ ;.

First, we solve for the absolute slip-rate |V,,|. Combining Eq. (48) and Eq. (49) we have

|%(<MMM+LW”0é%dmwww—@AH%O=Q (50)

27127\7 2’71b\Jr hq
where
[ul, — [u]n-r At [ 1 1 _
At * 2 \pt in p- fin (51)

Therefore we must have |V,,| = 0 or

(JN|CIN| + JN|QN’) ﬁ
2mp- | 2npt ) Iy

oo f (IVal, ¥n) = [®n] — V2. (52)

Considering |V;,| > 0, we obtain the update equation Eq. (52) for the absolute slip-rate when
fault is slipping.

14



240 It can be shown that with oq > 0, for all f(V,) with f(0,v) =0 and 9f(V,4)/0V >0
21 the nonlinear algebraic problem (52) for the absolute slip-rate |V;,| has a unique solution.
22 At each time step, the solution for the absolute slip-rate is in the closed interval [0, |®,|].
3 In particular, |®,| defined in (51), approximates the frictionless, oqf(|V,|, ¥n) = 0, slip-rate
24 which is damped when friction is present, oo f(|V,],¢¥n) > 0. Note also that if the fault is
25 1ot slipping then the slip-rate vanishes identically, |V;,| = 0.
246 We solve (52) for |V,,| using a bounded nonlinear root-finding algorithm such as the
27 Regula-Falsi method. Consequently, we update the displacements using (49) and (48). Then,
2g  we compute the state variable v, 11 from (47) using a nonlinear rootfinding algorithm, such as
2o Newton-Raphson with the initial guess ¢° 41 = ¥y, with the superscript keeping track of the
»0 Newton-Raphson iteration. Note that since the state evolution laws satisfy dg(V, 1) /0y < 0,
1 see (27)—(28), the Newton-Raphson iteration, for updating the state variable v, 1, from (47),
2 18 guaranteed to converge.

We will explain this procedure more clearly. We first solve the nonlinear algebraic problem

(50) for the absolute velocity |V,| > 0. When |V,,| > 0, we compute

= = o , oy = — o , A=14+ —(a_ + ay)At,
ik, Vil = ornh, " Vil gl tas)

2

=

2!

o

and update displacements on the fault using

B 1 At o A2 Ata_
Uy = 1 1+ 704+ 2u, —u, | + o a, + 9 [uln—

53
Ato_ (. A L Ata+ (53)
+ 5 Uy —Up_y + — 0y [uln )|,
pt
1 [/At o At? Ata,
u:z_—‘rl = Z |:(_a+) (2U’n — Up—1 + ——a, [[u]]n 1)
2 At ' At? At (54)
o @
+<1—|— 5 )<2u:{—u:§_1+p+ - +[[u]]n 1)]
When |V,| = 0, we take the limit
Vo0 e ol WValt)
[Val
obtaining
_ _ At? At?
unJrlzun_'_uszr 1+2_ n+2_+7t> (55)
_ At? At?
ur+1+1:un+u:1r n1+2_ n+2_+: (56)
Note that (55), (56) satisfy
V. — [[u]]n—l—l - [[u]]n—l -0

2At
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255
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258

259

260

261

262

263

Algorithm 1 Update displacements and the state variable on the fault
: loop: over the grid points on the fault surface
2: on each grid point solve for the slip-rate |V,,| from (52) using Regula-Falsi with the initial
guess |V,|° = |V,_4|
. if |V,,| > 0 then fault is slipping
compute the coefficients o, ar_
update displacements on the grid point using (54), (53)

—_

update displacements on the grid point using (56), (55)

. if friction law: rate-and-state then

3

4

5

6: if |V,| = 0 then slip-rate vanishes

7

8

9 Solve for state from (47) using Newton-Raphson with the initial guess 99, = 1.

exactly, for all n. The algorithm to update displacements and the state variable on the fault
is summarized in Algorithm 1 below.

Algorithm 1 can also be adapted for other frictions laws, such as the slip-weakening
friction laws for which the friction coefficient is a function of slip, f = f(|[u],.|). In this case,
the stick absolute slip-rate is |V;,| = 0, and the sliding absolute slip-rate can be obtained
from (52), having

JN|(1N| JquN’) l
Vol = |®n| — — + — | —o ulln|) 57
Vil = fou] — (el 4 20Bl) Moy g (57)

without solving a nonlinear equation. The coefficients ay used in (54), (53) for updating
displacements are

_dvlayl Sl xlanl fOIbD
p~nhy |V prohe Vil

1
:1+§m_+agAt

Remark 2. For the slip-weakening friction law, the solution (57) might be negative, |V,,| < 0,

when (JN‘ZM + JN"lN') ﬁ—;aof (ITu]n]) = |@n|. This is contradictory, and can only correspond

2v1p- 2y1pt
to the stick condition, with vanishing slip-rate, |V,,| = 0. The physical solution satisfying (50)
for this situation must be |V, | = 0. The rate-and-state friction law is self-consistent, and

does not have this feature.

4.3 Fully Discrete Stability

We will now prove numerical stability of the fully discrete approximations (44)—(45). Our
primary objective is to derive a fully discrete energy equation analogous to the continuous
energy equation (20) and the semi-discrete energy equation (41).

To do this, we introduce the fully discrete inner product

<u, v> = uTv, (58)
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and the discrete quantities

_ /Upy1 — Uy B At? Upt1 — Uy
= (P (ﬁH : A) ) (59)

T
_ /Upp1t Uy Uy Uy 1 /D, (Wpy1 +uyp) r(HJ 0 ol
Un = < 2 A 2 > " 2 <DT (Unt1 +up) 5 ) (60)

+ U07
where A is defined in (37) and Uy defined in (39). Now define

En =K, +U,. (61)

From Duru et al. (2011), we know that for some positive number .5 > 0, such that At <
Yefth/ Cimax, With h = min (hq/, /A2 + o2, b/ /T2 + rz), Cmax = Max (c), the discrete quantity
IC,, defined in (59) is strictly positive. Thus K,, > 0 and U,, > 0, defined in (59)—(60),
approximate the fully discrete kinetic and strain energies. Here v.4 > 0 is a CFL number,
with ¢ being the shear wave speed. The CFL number .4 > 0 depends on the order of
accuracy of the spatial operator and .4 = 0.7071 for second order accurate spatial operator.
For the fourth and sixth order of accuracy the values are v.q = 0.7071/4/1.4498, ey =
0.7071/+/2.1579, respectively. We can now prove that there is a CFL number v.4 > 0,
independent of the mesh size h, the time step, and the friction law, such that:

Theorem 4. If At < yeqh/cCmax, with h = min (hq/‘ /A + 2, hy /T2 + ri), Cmax = Max (c),
then the quantity &, defined in (61) is a fully discrete energy. The sum of the energies,

E + EF, satisfies

Eaté) - +&) & )
( = +1A)t - _ZUO|an’f(’V’Vlyj‘awn,j)JNj’qu‘h§- ) (62)
j=1

Proof. We use the fully discrete energy method, that is, from the left we multiply the Eq.
(44) with [(u,,, —u,_;) /2At}TH and Eq. (45) with [(u,, —u)_)) /QAt}TH, add the
transpose of the products. Using the summation-by-parts properties Eqgs. (30)—(32), and
considering boundary contributions from the fault only (while ignoring other boundaries)
gives

o1 — & SN ¢ En— & S (r)

R = L VT nlaw T, SR = = ) VT Ilalh” - (63)
j=1 =1

with

= f(|an],1,b-) — + “iﬂ‘ _Uil'
= 00— Vais V= Vi = Vi Vi = T

" ’ | an | A

evaluated along the fault. Again, we have utilized the fact that (Ug,41 — Ugn_1) /2At = 0.
Adding the contributions from both sides of the fault completes the proof. n
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The fully discrete energy equation (62) completely mimics the energy equation (20) and
the semi-discrete energy estimate (41). Clearly, the fully discrete energy is dissipated by
friction, [£7,, +&,1] < [EF +&,]. When the slip-rate vanishes, V,,; = 0, the energy is
conserved. It is also of significant importance to note that Remark 1 is applicable to the
fully discrete approximation (44)—(45).

The stability of the approximation of the state evolution (47) is embedded in the implicit
numerical discretization. The guaranteed convergence of the Newton-Raphson iteration for
updating the state variable from (47) is a further testament of this fact. It is particularly
noteworthy that the explicit time step is independent of the friction law, and is determined

by the wave propagation problem.

5 Numerical Experiments

In this section we present numerical experiments. We first verify the accuracy, stability and
convergence properties of the method. Then, we present numerical simulations verifying the
understressing theory of Zheng and Rice (1998), and incorporating fully dynamic earthquakes
into a method for simulating earthquake sequences in a power-law viscoelastic solid (Allison
and Dunham, 2018).

5.1 Accuracy and Convergence

To verify numerical accuracy, we simulate the interaction of waves with friction in a simple
1D problem for which a semi-analytical solution can be constructed using the method of
characteristics. We consider a 1D domain —1 < x < 1, with a fault located at x = 0,
discretized with N grid points and a uniform spatial step h = 1/(N —1). For this experiment,
the fault boundary, at x = 0, is governed by a nonlinear rate-dependent friction law, with
the nonlinear friction coefficient

f(V) = aarcsinh (BV), (64)

with @ > 0 and # > 0. This formulation is widely used in earthquake mechanics and other
frictional sliding problems, and can be theoretically related to how sliding is accommodated
by thermally activated defect motion at microscopic contacts bridging the frictional interface
(Kozdon et al., 2012; Rice et al., 2001).

The shear wave speed is 1 km/s and the shear modulus is 1 GPa. Because we assume
the material parameters and displacement are symmetric about the fault, we can reduce the
computational domain to 0 < x < 1. | where @ = 1 MPa and = 100 s/m. The boundary
at * = 1 km is closed with an absorbing boundary condition, allowing incident waves to
exit the domain rather than reflect, by setting the incoming characteristics to zero. This
boundary condition can be expressed as

Ju du
,u%+ZE—O, Z = pcs, (65)

the discretization of which is derived in Duru et al. (2014).
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Figure 2: (a) Initial (blue) and final (red) displacement as a function of distance from the
fault. (b) Convergence rates for SBP operators with 2nd (blue) and 4th (red) order spatial
accuracy as a function of grid spacing, and expected slope of 2 (black). Note that because
the temporal discretization is second order accurate, even the 4th order spatial accuracy
converges with a slope of 2. (c¢) The relationship between CPU time and solution error.

We initiate the displacement field with a Gaussian perturbation in the center of the
domain,
2
U()(.T) — 26—(93—0.5) /0.01 (66)

as shown in Figure 2a, and with the medium initially at rest. We run the simulation for 1 s,
so that waves generated by the initial perturbation reach the fault boundary, reflect, and
return the location of the initial perturbation. The final displacement field is also shown
in Figure 2a. Both second and fourth order accurate spatial discretizations are tested. We
compare the numerical solutions u with that of a semi-analytical solution u based on the
method of characteristics. That is, we decompose the solutions into characteristics, plane
shear waves, propagating to the right and left of the domain. The nonlinear frictional
boundary condition leads to a nonlinear algebraic equation. Thus we have a closed form
solution for the displacement field

t—x/cs
(o, t) = ¢(x,t)—+(/g V(r)dr, (67)

a@wzéumz—%w+%@+@ﬂ% (68)
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where the slip-rate V satisfies the nonlinear algebraic equation

B7) ~ ZV(r) = [(V(r) =0, () = pole7)| (69)
X z=0
Here, ®(7) is the shear stress generated by the initial data, and propagated by the charac-
teristic ¢(z,t) to the fault boundary. The stress term ®(7) loads the fault. We have chosen
the initial condition ug(z) and frictional parameters, a, /3, such that ®(7) is sufficiently large
to initiate slip. The fault stops slipping as soon as the characteristic wave field ¢(x,t) leaves
the domain.

This nonlinear problem (69) is solved for the slip-rate with a Newton-Raphson solver.
To compute the result in terms of displacement (67), the slip-rate is integrated along the
characteristics using the recursive adaptive Simpson quadrature. Note that a small amount
of numerical error is introduced by the nonlinear solver and the numerical quadrature, which
can be made arbitrarily small by choosing parameters such that the tolerance is very close
the machine precision ~ 10716,

Figure 2b demonstrates that the numerical solutions converge to the exact (semi-analytical)
solution (67) with second order accuracy for both cases. This is expected since the time dis-
cretization is second order accurate. However, the magnitude of the errors generated by the
fourth order accurate spatial approximation is much smaller than the errors for the second
order accurate case. In addition, Figure 2c¢ demonstrates that the fourth order accurate
scheme is more efficient, requiring less CPU time for a given error tolerance.

5.2 Transition in Rupture Style

Simulations of earthquakes produce two basic rupture modes, the self-healing slip pulse and
the expanding crack. In the self-healing slip pulse mode, only the portion of the fault at the
rupture front slips, and slip ceases behind the rupture front as the fault heals. In the expand-
ing crack mode, slip begins at the rupture front, but the fault continues to slip everywhere
within the rupture zone. This phenomenology is observed in shear ruptures in the laboratory
(Lykotrafitis et al., 2006). Many lines of reasoning suggest that natural earthquakes occur
in the self-healing rupture mode (Heaton, 1990). The goal of this numerical experiment is
to simulate this transition in rupture style.

For uniform prestress conditions on faults governed by a strongly rate-weakening friction
law, Eq. (24) and (26), the rupture mode is primarily determined by the background shear
stress on the fault, 7°. According to the understressing theory of Zheng and Rice (1998) for
ruptures in elastic solids, there exists a critical background stress level, 7PUs¢ below which
ruptures cannot take the form of cracks. An additional, lower threshold below which slip
pulses are not self-sustaining is also observed in numerical simulations. Thus, self-sustaining
slip pulses occur within a narrow range of 7° around 7P"¢ (Zheng and Rice, 1998; Noda
et al., 2009). For the steady state friction law (26) with our chosen parameters (Table 1),
the critical background stress 7P%°, as defined by Zheng and Rice (1998), is 7P¢ = (.24290
(= 30.6059 MPa for oy = 126 MPa). This transition is observed in our simulation results,
shown in Figure 3. For these simulations, we used a domain of 20 km by 20 km, grid spacing
of 100 m, and a time step of 7.2 ms. All boundary conditions are absorbing boundaries, as
in Eq. 65.
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Figure 3: (a) Initial shear stress is 7° + 27,5 exp(—(y — 10)?/0.18). (b) Slip contoured
every 0.25 s for the initial shear stress profiles shown in (a). Self-sustaining ruptures occur

for 7° /0y > 0.23, and the transition between slip pulse and crack-like ruptures occurs when
b
7%/ = 0.26.

5.3 Earthquake Sequences in a Viscoelastic Solid

Fully dynamic simulations of single earthquakes, such as those presented in the previous
section, capture the physics of dynamic rupture and wave propagation; however, earthquakes
are artificially initiated by overstressing a small portion of the fault (e.g., Figure 3a). A
more realistic approach is to simulate the entire earthquake cycle, during which gradually
imposed tectonic loading during the interseismic phase builds up a stress concentration
that spontaneously nucleates an earthquake which is fully consistent with the friction law,
material response, and loading. Earthquake sequence simulation methods frequently use the
quasi-dynamic approximation, in which computational cost is reduced by neglecting wave-
mediated stress transfer (e.g., Rice, 1993; Ben-Zion and Rice, 1995; Kato, 2002; Ziv and
Cochard, 2006; Erickson and Dunham, 2014; Allison and Dunham, 2018). Though the quasi-
dynamic approximation is accurate for low slip-rates, when employed during earthquakes
it produces slower slip-rates and rupture speeds than the fully dynamic problem would
produce (Thomas et al., 2014). Some numerical methods are able to simulate elastodynamics
through all phases of the earthquake cycle (e.g., Lapusta et al., 2000; Lapusta and Liu,
2009; Barbot et al., 2012). Others employ a quasi-static or quasi-dynamic method during
the interseismic period and switch to a fully dynamic method when the earthquake nucleates
(e.g., Okubo, 1989; Shibazaki and Matsu'ura, 1992; Kaneko et al., 2011). Here, we take
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Table 1: Parameters used to investigate the transition from crack-like to pulse-like ruptures.

parameter symbol value
initial state variable Y 0.4367
direct effect parameter a 0.016
state evolution effect parameter b 0.02
reference friction coefficient for steady sliding fo 0.7
reference velocity Vo 1079 m s7!
fully weakened friction coefficient fw 0.13m s}
weakening velocity Vi 0.17m s !
state evolution distance d. 0.2572 m
shear wave speed Cs 3.464 km s !
density of rock ) 2.7¢gcm™?

the latter approach, integrating the inertial solver developed in this paper into the quasi-
dynamic sequence method developed for linear elasticity in Erickson and Dunham (2014)
and extended to viscoelasticity in Allison and Dunham (2018). During the coseismic period,
the viscoelastic off-fault material is effectively elastic, so we are able to use the method
developed in this work without modification. A description of the viscoelastic governing
equations, using identical notation, can be found in Allison and Dunham (2018).

We perform an example simulation using the model geometry and material properties
shown in Figure 4 and Table 2, using a 500 km by 500 km domain to avoid reflections from
the boundaries. Because the material properties are symmetric about the fault, we are able
to solve for only the x > 0 portion of the domain, reducing the computational expense.
The fault is governed by rate-and-state friction, for which we use the regularized form (22)
and the aging law for state evolution (23). We set total normal stress using the lithostatic
gradient, and use hydrostatic pore pressure to determine effective normal stress (e.g., Sibson,
1974). The rheological parameters for the crust (wet feldspar) are from Rybacki et al. (2006)
and those for the mantle (wet olivine) are from Hirth and Kohlstedt (2003).

During the interseismic period, the rheology of the viscoelastic off-fault material is

ou ou
Ogz = M (% - ")/q,‘fz) y  Oyz = (a_y - PY;;) ) (70)

’Yg‘g/z = 77;?1‘79027 ’Yg‘;/z = n.;fflaym (71)
ne_ﬂ} = Ae Q/ETzn—1 7 — \/ 02, + 02, (72)

where u is the displacement in the z direction, %‘]/' are the (engineering) viscous strains, 7eg
is the effective viscosity, and T is the temperature. The overdot indicates a time derivative.
In the flow law, the effective viscosity is a function of the rate coefficient A, the activation
energy (), the gas constant R, the stress exponent n, and the deviatoric stress 7.

During the coseismic period, the governing equations are those described in Section 2.2.
We use a traction-free condition at the top of the domain, and enforce outgoing characteristics
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Figure 4: Model set-up for earthquake sequence simulation in a viscoelastic solid with fully
dynamic coseismic phase: (a) geotherm, (b) rate-and-state friction parameters, (c¢) model
diagram and rheological parameters. The boundary conditions shown are used for the quasi-
dynamic periods.

Table 2: Parameters used in viscoelastic earthquake cycle simulations.

parameter symbol value
reference friction coefficient for steady sliding fo 0.6
reference velocity Vo 107 m s71
state evolution distance d.. 0.02 m
density of rock p 2.7 g cm™3
shear modulus 1 32.4 GPa
tectonic plate velocity V, 107 m/s

for the bottom and right boundaries

Oo(, Ly, t) =0 (73)
0y(2,0,1) = pesuy, (74)
Uzm<Lx7 Y, t) = —pPCsU, (75)

which allows the waves generated by the earthquake to exit the domain.

To ensure accuracy, it is necessary to resolve the critical length scale for unstable elastic
sliding between elastic half-spaces with rate-and-state friction (e.g. Ruina, 1983; Rice, 1983;
Rice et al., 2001)

h* = ’u—dc7

on(b—a)

and the length scale of cohesive-zone size (Palmer, 1973; Dieterich, 1992; Day et al., 2005;
Ampuero and Rubin, 2008)

(76)
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For the parameters used here, (77) is the more stringent criteria, and we use a grid spacing
of L;,/8 (as small as 2.3 m) near the velocity-weakening region of the fault, with aggressive
grid stretching away from this region (as large as 15 km) to accommodate the large domain.

The results for two cycles are shown in Figure 5, in which the interseismic period lasts
320 years and the coseismic period lasts 20 s. A quasi-dynamic simulation with otherwise
identical parameters is shown in Figure 6 for comparison. The interseismic period, which is
quasidynamic in both simulations, is quite similar. In the purely quasi-dynamic simulation,
the recurrence interval is slightly shorter, 300 years, and the slow slip event is slightly smaller.
The coseismic period, however, differs substantially. In the fully dynamic case, the upgoing
rupture tip propagates at the shear wave speed, and the reflection off of the Earth’s surface
is clearly visible. In contrast, in the quasidynamic case, the rupture propagates at a much
slower speed, and the uppermost 3 km of the fault accelerates to earthquake slip velocities
before the upgoing rupture tip actually propagates to this region. Additionally, in the quasi-
dynamic case the effect of the rupture reaching Earth’s surface is instantly communicated
everywhere in the domain, rather than being propagated at the shear wave speed.

We switch between quasi-dynamic and fully dynamic solvers based on the nondimensional
ratio R = nV/7,,, where the numerator is the radiation damping term and the denominator
is the quasi-static shear stress, and n = 0.5 /¢ is the radiation damping parameter. Quasi-
static shear stress is computed as T" in Equation 5. For the fully dynamic solver, this
is equivalent to the shear stress on the fault, 7, but for the quasi-dynamic solver 7 =
T4s — NV . When inertia is negligible, the magnitude of the radiation damping term is very
small and max(R) < 1. The effect of different threshold values of max(R) for switching at
the beginning and end of the coseismic period is shown in Figure 7. We find that the overall
system behavior is relatively insensitive to the switching criteria selected, provided that R
is sufficiently small. Because the choice of more stringent criteria substantially increases the
computational cost, we use max(R) = 1072 to control switching both into and out of the
fully dynamic solvers.

The primary advantage of the second-order formulation developed in this paper is that it
can be integrated into a quasidynamic earthquake sequence method. An additional advan-
tage is that, relative to the first-order form on an unstaggered grid, the second-order form
reduces spurious high frequency oscillations. Figure 8 compares these formulations using
initial conditions from Figure 5c with two different grid spacings: a mesh that marginally
resolves the rupture with grid spacing equal to L;/2.5, and a more refined mesh with grid
spacing equal to L,/5. The first-order formulation results were produced using the code
FDMAP (Dunham et al., 2011; Kozdon et al., 2012, 2013), with 4th and 6th order accu-
rate SBP operators. The formulation developed in this paper is shown only with 4th order
operators. (These orders of accuracy correspond to those of the interior difference operators.)
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Figure 5: Earthquake sequence simulation in a viscoelastic solid, with fully dynamic coseismic
phase. (a) Time step is constant during the coseismic periods, when the fully dynamic wave
equation is solved, and adaptively chosen during the interseismic period when the quasi-
dynamic approximation is used. (b) slip-rate for two earthquake cycles, plotted as a function
of step count not time, and showing only a subset of steps. The fully dynamic phase lasts
20 s, and the quasi-dynamic phase lasts 320 years. (c) Close up of a single earthquake,
plotted as a function of time. The black line shows the shear wave speed.
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Figure 6: Same as Figure 5, but with quasi-dynamic solver used for the coseismic phase.
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Figure 7: (a) max(R) as a function of time since the onset of the earthquake for the sim-
ulation plotted in Figure 5. Grey boxes indicate the portion illustrated in (b) and (c). (b)
Comparison between switching criteria at the start of the earthquake. The filled circles
indicate the time of the switch from the quasi-dynamic solver to the fully dynamic solver.
(c) Comparison between switching criteria at the end of the earthquake. The filled circles
indicate the time of the switch from the fully dynamic solver to the quasi-dynamic solver.
Note that the blue lines in (a), (b), and (c) all correspond to the same simulation.
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Figure 8: Comparison of a fully dynamic rupture at selected times for the first-order for-
mulation, using FDMAP with 4th (blue) and 6th (yellow) order accurate SBP operators,
and the second-order formulation, using 4th order accurate SBP operators (red). Marginally
resolved: (a) Slip velocity contours at selected times. (b) and (c) Close up of slip velocity
and shear stress at the rupture front at 6 s. More highly resolved: (d) Slip velocity contours

at selected times. (e) and (f) Close up of slip velocity and shear stress at the rupture front
at 6 s.
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6 Summary and Outlook

This paper presents a provably stable and accurate method for the simulation of fully dy-
namic earthquake ruptures in antiplane strain. The elastic wave equation is written in
second-order form, and the discretization is performed using SBP finite differences. The
main result of the paper is the derivation of a stable treatment for a nonlinear fault inter-
face condition (rate-and-state friction) which is enforced weakly. As examples illustrate, the
method can be applied to study single dynamic rupture events as well as earthquake cycles.
Future efforts could extend this approach to the 2D plane strain and 3D problems.
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